Univariate random variables

Nowak, A.S., Collins K.R. Reliability of structures.
McGraw-Hill Higher Education 2000

Any random variable is defined by its cumulative distribution
function (CDF), F,(X).

The probability density function f, (x)of a continuous random
variable is the first derivative of F, (x).

The most important continuous random variables used in structural
reliability analysis are as follows: uniform, normal (Gaussian),
lognormal, gamma, extreme type | (Gumbel), extreme type I
(Frechet), extreme type 111 (Weibull).

The binomial and Poisson distributions of discrete random variables
are distinguished too.
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Uniform distribution

A uniform random variable or uniform distribution denotes a
constant PDF function in the interval [a, b]. Thus all numbers in this
interval are equally likely to appear.

Mathematically the uniform PDF function is defined as follows:

0 X<a
fx(x):ibfla as<x<b
\ 0 X>Db

a and b define the lower and upper bounds of the random variable.

The cumulative distribution function (CDF) for a uniform random
variable is
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(0 x<a
X—a
F.(x)={—= a<x<b
X( ) b—a
| 1 Xx>Db
fx(x)
A

» X

PDF and CDF of a uniform random variable
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The mean and variance are as follows:

_a+b
Hy = 5
2
o :(b—a)
12

3 3 2 2
jxf dx xidx_b_a =b +ab+a

b-a  3(b-a) 3

o :E(XZ)—(E(X))Z :b2+a3b+a2 _(bza) :(blza)
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Normal (Gaussian) distribution

The most important distribution is the normal distribution also
called the Gaussian distribution.
It is a two-parameter distribution defined by the density function

()= exp[-g(x;ﬂﬂ

where pand oare equal to g, (expected value, and o, (standard
deviation), respectively.This distribution will be denoted N (u,o).

The distribution function, is given by

(0=~ rexp{—l(t_%jz}dt

This integral cannot be evaluated on a closed form.
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The figure shows general shapes of both the PDF and CDF
of a normal random variable.

fx(®)

<>
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Standard normal (Gaussian) variable
General remarks: let X be an arbitrary random variable.
The standard form of X, denoted by Z, is defined
7 — X — iy
Ox
The mathematical expectation (mean value) of an arbitrary function,
g(X), of the random variable X is defined

Hyo =E[9(X)]=]" g(x) fy (x)dx

00

The formula above, with Z = g(X) and the variance property prove

=€ X | ) = 2 )0

Oy Oy

or =E(Z%)- 4 = EHX A ﬂ—oziz[E(x — Hy )Z}=Z—§:1

Oy Oy X

Thus mean of any standard random variable is 0, its variance is 1.
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Standard random variable — a “zero mean, unit variance” form.
The distribution function of a normal variable

Fy (X)ZJ_

2
"1 exp —l(t_—ﬂj dt
© o\ 27T 2\ o
Substituting s =t_—”, dt = ods the equation (2.46) becomes
(o)

F (x):J'_}ﬂ%exp{—Es }ds (X;ﬂj

where @, is a standard normal distribution function defined by
x 1 t°
O, (X)=| ——exp|——[dt
«(%) L’O 27 p[ 2}
The corresponding standard normal density function is

0n (0= 5—op| 5 |
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The functions ¢, and @, are shown in figure:

| oy (%) }Px ()
0.51
f 1_0_7‘.-_-
,/_-\1 > X '—-':/ —— i . > X
=8 =8 =1 1 2 3 -3 —2 —1 1 2 3

Thus only a standard normal table is required.
Spreadsheet packages include a standard normal CDF function.

Values of @(z)are listed in Tablel forz ranging from 0 to —8.9 (part
of the table shown, after Nowak, Collins: Reliability of structures)

Table 1. The CDF of the standard normal variable @(z).
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—-0.1
-0.2
—03
—04
—0.5
—0.6
-0.7
—0.8
-0.9

-1
-1.1
-1.2
-1.3
-14
-15
-1.6
=17
-1.8
-19

-2
-21
=22
-23
-24
-2.5
—-2.6
27
-238
-29

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
5.00E-01 4.96E-01 4.92BE-01 4.88E-01 4.84E-01 4.80E-01 4.76E-01 4.72E-01 4.68E-01 4.64E-01
4.60E-01 4.56E-01 4.52E-01 4.48E-01 4.44E-01 440E-01 4.36B-01 4.33E-01 429801 4.25E-01
421E-01 4.17E-01 4.13E-01 4.09E-01 4.05E-01 4.01E-01 397B-01 3.94E-01 3.90E-01 3.86E-01
3.82E-01 3.78E-01 3.74E-01 3.71E-01 3.67E-01 3.63E-01 3.59E-01 3.56E-01 3.52E-01 3.48E-01
345E-01 3.41E-01 337E-01 3.34E-01 330E-01 326E-01 3.23E-01 3.19E-01 3.16E-01 3.12E-01
3.09E-01 3.05E-01 3.02E-01 298E-01 295E-01 291E-01 288E-01 2.84E-01 281E-01 2.78E-0l
2.74E-01 2.71E-01 268E-01 2.64E-01 2.6IE-01 258E-01 2.55E-01 251E-01 2.48E-01 2.45E-01
242E-01 239E-01 236E-01 233E-01 230E-01 227E-01 224E-01 221E-01 2.18B-01 2.15E-01
2.12E-01 2.09E-01 2.06E-01 203E-01 2.00E-01 1.98E-01 195E-01 192B-01 1.89E-01 1.87E-01
1.84E-01 181E-01 1.79E-01 1.76E-01 1.74E-01 L7I1E-01 1.69E-01 1.66E-01 164E-01 1.61E-01
L50E-01 1.56E-01 154E-01 1.52E-01 149E-01 147E-01 145E-01 142E-01 1.40E-01 1.38E-01
136E-01 1.33E-01 131E-01 129B0}F 1.27E-01 125E-01 123E-01 121E-01 1.I9E-01 1.17E-01
L15E-01  LI3E-01 1.11E-01 1.09E-01 1.07E-01 1.06E-01 1.04E-01 1.02E-01 1.00E-01 9.85E-02
9.68E-02 9.51E-02 9.34E-02 9.18E-02 9.0IE-02 8.85E-02 8.69E-02 8.53E-02 838E-02 8.23E-02
8.08E-02 7.93E-02 7.78E-02 7.64E-02 749E-02 7.35E-02 7.21E-02 7.08E-02 6.94E-02 6.81E-02
6.68E-02 6.55E-02 6.43E-02 6.30E-02 6.18E-02 6.06E-02 594E-02 5.82E02 S5.71E-02 5.59E-02
548E-02 5.37E-02 5.26E-02 S5.16E-02 5.0SE-02 495602 4.85B-02 4.7SE-02 4.65B-02 4.55E-02
4.46E-02 436E-02 4.27E-02 4.18E-02 4.09E-02 4.01E-02 3.92E-02 3.84E-02 3.75E-02 3.67E-02
3.59E-02 351E-02 344E-02 336E-02 3.29E-02 3.22E-02 3.14E-02 3.07E-02 3.01E-02 294E-02
2.87E-02 281E-02 274E-02 268E-02 2.62E-02 256E-02 2.50E-02 2.44E-02 239E-02 233E-02
228E-02 2.22E-02 2.17E-02 212E-02 207E02 202E02 197E-02 1.92E02 188E-02 1.83E-02
179E-02 1.74E-02 1.70E-02 1.66E-02 1.62E-02 1.58E-02 1.54E-02 1.50E-02 146E-02 1.43E-02
1.39E-02 136E-02 132E-02 1.29E-02 1.25E-02 1.22E-02 1.19E-02 1.16E-02 1.13E-02 1.10E-02
LO7TE-02 1.04E-02 1.02E-02 9.90E-03 9.64E-03 9.39E-03 9.14E-03 8.89E-03 8.66E-03 8.42E-03
8.20E-03 7.98E-03 7.76E-03 7.55E-03 7.34E-03 7.14E-03 6.95E-03 6.76E-03 6.57E-03 6.39E-03
6.21E-03 6.04E-03 5.87B-03 570E-03 5.54E-03 S5.39E03 5.23E-03 5.08E-03 4.94E-03 4.80E-03
4.66E-03 4.53E-03 4.40E-03 4.27B-03 4.15E-03 4.02E-03 3.91E-03 379E-03 3.68E-03 3.57E-03
347E-03 336E-03 326E-03 3.17E-03 3.07E-03 298E-03 2.89E-03 2.80E-03 2.72E-03 2.64E-03
2.56E-03 248E-03 240E-03 233E-03 226E-03 2.19E-03 2.12E-03 20SE-03 1.99E-03 193E-03
L.87E-03 1.81E-03 L75E-03 1.69E-03 164E-03 159E-03 1.54E-03 149E-03 144BE-03 1.39E-03
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Values @ (z)for z>0can also be obtained from Table 1 by
applying the symmetry property of the normal distribution:

O(z)=1-D(-2)

The probability information for the standard normal random

variable allows for the CDF and PDF values for any normal
random variable by a simple coordinate transformation.

Let X be anynormal random variable and Z be a standard form of X,

We can show that
X =u, +2oy
The definition of CDF implies

R

R (0=0 X4 |-k, )

Oy
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The relationship between the PDF of any normal random variable,
f, (x), with the PDF of the standard normal variable, ¢(x):

d d X— U 1 (X—pu
f.(Xx)=—F, (X)=— X | = X
X() dx X() dx ( Ox j Gx¢£ O'x ]
Using above eqs. the distribution functions for an arbitrary normal

random variable (given u, and o, ) may be derived, using
information in Table 1.
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CDFs and PDFs for normal random variables are shown in Fig

X, £
o.s-1 0.8
& 0.7-
0.6- o -
5
0.5- -
0.4 0.4-
i 0.3
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- 0.1+
>
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FX(l)jL c=112
1
o=1 c=2

== 1 0 1 2 3 4 -4-3-2-10 1 2 3

J. Gorski, M. Skowronek e Gdansk University of Technology e Reliability Based Optimization e Distributions

13



Important properties of the PDF and CDF functions for normal
random variables are summarized as follows:

1. The PDF f, (x) is symmetric about the mean s,

fy (,ux +X) = Ty (:ux _X)

The illustration is shown in Figure

&
fx(x)

] ’,l-[X S~

X

2. The symmetry property of 1. yields F, (g, +Xx)+F (¢ —x)=1
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Logarithmic normal distribution
Let the random variable Y =1In X be normally distributed

N(M”oy)
The random variable X follows the logarithmic normal distribution,
with parameters 4, e R, o, >0

The log-normal density function is stated, for x >0

2

1 1 1(Inx—u

f = = Bl R0
X(X) Oy VZ”Xexp[ 2[ Oy )}

Let X be log-normally distributed with the parameters y, and o, .
Note that 4, and o, are not equal to x, ando, .
It can be shown that

1
Hy (X)= eXp(ﬂY +§0§2j

Ox = \/,u>2< (anZ _1)
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F (X)=P(X < x):@(lnx—_%j

Oy
The log-normal density functions with the parameters
(4 ,0v)=(0,1)and (1/2, 1) are presented in Fig..
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Example
Let the compressive strength X for concrete be log-normally
distributed with the parameters (, ,o, )=(3 MPa, 0.2MPa).

Then
Uy =EXp (3+%- 0.04) =20.49 MPa

o% =20.49% (1.0408-1) =17.14 (MPa)’

o, =4.14 MPa

and

P(X <10 MPa)=®((In10-3)/2)=®(-3.487)=2.4-10"

The PDF and CDF may be calculated using functions¢(z)

and ®(z) for a standard normal random variable Z as follows:

Fe (X)=P(X<x)=P(InX<Inx)=P(Y<y)=F (y)

Since Y is normally distributed standard normal functions apply.
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Specifically

R (0=F (v)-0 2 |

Y
where y =In(x), & = t,«, = mean value of In(X),

and o, =0, = standard deviation of In(X).
These parameters are functions of x4, , o, and V,
by the following formulas:
1
fopa® |n(V2+1) Hin(x) :|n(,ux)—56|i(x)
If V, is less than 0.2, the following approximations are valid:

Gm ~V2 Hinxy = 1N (#x)
For the PDF function Eq. 2.12 gives

F (% ):(?XF (x )=%®[In(x)_ﬂ"‘(x)]= - ¢[In(x)_“'n<x>]

Oin(x) XOy Oin(x)
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Example

Let X be a lognormal random variable whose mean value is 250,

standard deviation is 30. Find F, (200) and f, (200).
~9x =30 g0
Uy 250

o) =In(Vi +1)=0.0143, o, =0.01196

X

i =10 (s )—%G,i(x) ~ In(250)~0.5(0.0143) = 5.51

F, (200) = @[In(x)_ﬂ"“x) ] = q{ln(zoo)—s.m] —0.0384

G 0.1196

In(x)— _
( (200 L ¢[ (%) ﬂ.nm]_ ®(-177) _0.0833_ 1100,
)

X0y ©200(0.1196)  23.92

On(x)
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Distributions — Extreme

Nowak, A.S., Collins K.R. Reliability of structures.
McGraw-Hill Higher Education 2000

Extreme type | (Gumbel distribution, Fisher-Tippett type 1)

Extreme value distributions depict well probabilistic nature of the
extreme values (largest or smallest) of some phenomenon over time.

Consider n time intervals, e.g. years.
There is a maximum value of some phenomenon (e.g. wind speed)
during each interval (year).

Determine the random model for those largest annual wind speeds.
Let W,, ..., W, be the largest wind speeds in n years.

Then X =max(W,,W,, ..., W, ) is an extreme Type | random
variable.
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The CDF and PDF for this random variable are
a(x-u)

F (x)=¢e" for —o<X<o

—a(x-u)

fy(X)=ae™ e
where u and a are distribution parameters.

—a(x-u)

A
fx(X)

X

FIGURE. PDF of an extreme Type | random variable.
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The mean and standard deviation for this variable may be obtained
by the following approximations (Benjamin and Cornell, 1970):

0.577 1.282
fiy RU+——— Oy *
a a

Thus if the mean and standard deviation are known:

o= 1.282 , u= u, —0.450,
O'x
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Extreme type Il (Frechet distribution, Fisher-Tippett type I1)

Extreme Type Il variable may model the maximum seismic load
applied to a structure. The CDF and PDF are

_(u/x)K k k+1 n Xk
F(x)=e*""  for 0<x<oo, fX(X):_(Ej o (/%)
u\ X
where u and k are distribution parameters.

A
fx(x)

-
-

FIGURE. PDF for an extreme Type Il random variable
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The mean and standard deviation is given:
Uy :ul“(l—%j for k>1

o =U’ F(l—g)—rz(l—ij for k>2
k k
The coefficient of variation, V, is a function of k only.

Graphs exist to calculate V,, for any k (see, for example, Ang and
Tang, 1984)
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Extreme Type 111 (Weibull Distribution)

The extreme Type 11 distribution is defined by three parameters.
Two variants, for the largest and the smallest values exist.

The CDF of the largest values is defined by

Fy (X) = e_(w‘“j for x<w

where w, u, and k are parameters.

The mean and variance are

Ly = W—(W—U)F(l+%j

o)

The CDF of the smallest values is defined by

Fy (X) =1—e(u"3j for x>¢
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where u, £, and k are the parameters.

The mean and variance of the smallest values may be calculated by

the following formulas:

py =&—(U —5)F(l+%j

vl

| fx (%)

15 |

(k, )= (1, 4)

(k, ) =(1,2)
(k, ) =(2,2)

1.0 |

0.5 4

10 20 30

40
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Poisson distribution

The Poisson variable of a discrete probability distribution may be
used to determine the PMF (probability mass function)for the
number of occurrences of an event in a time or space interval (0, t).

Examples: the number of earthquakes within a certain time interval
or the number of defects in a certain length of rod.

The following assumptions behind the Poisson distribution must be
checked prior to its use:

e event occurrences are independent, i.e. occurrence or
nonoccurrence of an event in a prior time interval has no effect on
the occurrence of this event in the time interval considered,

» Two or more events cannot occur simultaneously.
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Let a discrete random variable N represents the number of event

occurrences within a prescribed time (or space) interval (0, t).
Let v represent the mean occurrence rate of the event.
This parameter is usually obtained from statistical data.

The Poisson PMF function is defined

P(N=nin timet):ﬂe‘Vt n=012,..,0

n!
The mean and standard deviation of the random variable N are
Ly =Wt Oy = Jvt

Return period (or interval) ralso depicts a Poisson variable.

. : 1
It is simply the reciprocal of the mean occurrence rate v: 7 ==
Vv

Return period is a deterministic average time interval between
occurrences of events. The actual time interval is random.
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EXAMPLE

The average occurrence rate of earthquakes (5 to 8 magnitudes) in a
given region is 2.14 earthquakes/year. Determine

(a) The return period for earthquakes in this magnitude range.

(b) The probability of exactly three earthquakes (magnitude
between 5 and 8) in the next year.

(c) The annual probability of an earthquake of 5 — 8 magnitude.

Solution

(a) The return period

1_ 1 =0.47 year

T=—=
v 214
One earthquake of a given range occurs approx. every six months.
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(b) The probability of three earthquakes precisely in the year after a
given one is determined using witht=1andn=3

[(2.14)(1)3]e sy

3!

P(N =3in1year)= =0.192

(c) We derive the annual probability of at least one earthquake.
Therefore P (at least one earthquake) = 1 —P(no earthquakes), so

2.14)(1
P(N 21)=1—[( 0?( i e ®1W =1-¢ 1 =0 88
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