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Abstract

In this chapter, after a quick introduction on the literature of healing and super

healing concept, the damage/healing mechanics principles are investigated. The

concept of super healing of materials is then introduced into the framework of

continuum damage mechanics (CDM). Super-healed material can be seen as a

strengthened material by further healing when the whole damage is recovered by

healing of a damaged material. Therefore, in this chapter the process of healing

beyond what is necessary for damage recovery is called super healing. Super

material is the final objective of the super healing process when the material
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achieves more stiffness at the end of super healing process. Then, by introducing

the anisotropic super healing concept, these concepts are generalized in tensorial

form to be used in anisotropic damage and healing of materials. Consequently,

three fundamental issues in CDM are discussed. Nature of the damage process is

investigated by dissecting the expression of the effective stress into an infinite

geometric series. Several stages of damage are introduced which are termed

primary, secondary, tertiary, etc., using this expression. New definition of the

damage variable is then introduced for small damage cases. The new concept of

undamageable materials that maintain a zero value of the damage variable

throughout the deformation process is introduced. Finally and in the last section

of the chapter, the forming of a singularity which leads to initiation of the

process of fracture is shown in a continuous region within the framework of

CDM. The internal damage processes leading to a singularity are illustrated

mathematically. This section potentially provides a crucial link between the

damage and fracture mechanics.

Introduction

Self-healing process in the material from damaged state has paid attention increas-

ingly in the damage mechanics literature. Undergoing research shows two different

self-healing mechanisms: one is an active or autonomous system as a coupled

system in which damaging triggers self-healing (Pang and Bond 2005; Toohey

et al. 2007; White et al. 2001); another is passive system as a decoupled system in

which healing occurs after damage identification using external detection (John and

Li 2010; Li and John 2008; Li and Muthyala 2008; Li and Nettles 2010; Li and

Uppu 2010; Liu and Chen 2007; Nji and Li 2010a, b; Varley and van der Zwaag

2008; Zako and Takano 1999). Some significant new results on damage and healing

of materials are presented by Pavan et al. (2010), Yuan and Ju (2012), and Zaı̈ri

et al. (2011). This process is observed experimentally even in nanoscale in wide

range of materials (George and Warren 2002; Nemat-Nasser 1979, 1983; Voyiadjis

and Park 1996; Wang and Sekerka 1996). Healing in constitutive models is used in

two different approaches: one is used to characterize the healing process usually by

a phenomenological approach (Miao et al. 1995), and the other is simple model

(Adam 1999; Simpson et al. 2000). Thermodynamic-based damage and healing

models are also introduced recently and are available in the literature (Barbero

et al. 2005; Miao et al. 1995). However, constitutive modeling of self-healing

material is still in progress since experimental aspect of healing has significant

difficulties. During the past decades, progress has been made in the damage

mechanics of various materials including elastoplastic models (Chaboche 1991;

Ginzburg 1955; Kattan and Voyiadjis 1993; Lee et al. 1985; Naderi et al. 2012;

Voyiadjis 1988; Voyiadjis and Kattan 1990, 1992; Voyiadjis et al. 2012); elasto-

viscoplastic models (Chaboche 1997; Lemaitre and Chaboche 1990); continuum

damage models (Kachanov 1958; Voyiadjis and Kattan 2009); materials surface

degradation models including rolling, sliding contact fatigue, fretting fatigue, and
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adhesive wear (Loginova et al. 2001; Singer-Loginova and Singer 2008; Wheeler

et al. 1993); and coupled elastoplastic damage models (Chow and Jie 2009;

Lemaitre 1985; Voyiadjis et al. 2009). The damage variable in scalar or second-

order tensor forms shows the average material degradation (loss of stiffness). This

variable lumps all kinds of defects such as micro-cracks, voids, and micro-cavities

at the microscale level (Lubarda and Krajcinovic 1993; Voyiadjis and Kattan 2009).

It is shown that in the case of isotropic damage, two independent damage variables

are necessary to predict damage level (Cauvin and Testa 1999; van der Waals

1979). It has been argued that sufficient accuracy can be obtained to find certain

parameters of damaged materials under the assumption of isotropic damage

(Lemaitre 1984).

The representative volume element (RVE) is widely used in continuum damage

mechanics in which the discontinuities (micro-voids, micro-cracks, etc.) are not

considered explicitly in the RVE. The discontinuous and discrete elements of

damage effects are lumped together through the use of a macroscopic internal

variable. Phenomenological approach is adopted usually, and the consistent for-

mulation is derived using sound mechanical and thermodynamic principles. Ther-

modynamically consistent framework is achieved using the concept of

macroscopic internal variables which is used to lump the effect of all defects

(Ginzburg and Landau 1965; Hansen and Schreyer 1994; Landau and Ter Haar

1965; Miao et al. 1995; Murakami 1983; Voyiadjis and Park 1997; Voyiadjis and

Kattan 2006, 2012b; Voyiadjis and Park 1995; Voyiadjis et al. 2009). The concept

of effective stress for uniaxial tension was first introduced by Kachanov (1958) and

Rabotnov (1968). It has been shown that the isotropic damage assumption is

sufficiently enough to predict the load carrying capacity and the number of cycles

or the time to local failure in structural components (Kattan and Voyiadjis 2001;

Voyiadjis and Kattan 2005, 2006). However, anisotropic damage propagation has

been observed experimentally (Lee et al. 1985; Sidoroff 1981) even in an initially

isotropic solid. The damage variable is considered in scalar form in the case

of isotropic damage mechanics, and the evolution equations can be handled easily

(Voyiadjis and Kattan 2009). The concept of an undamageable material

was proposed recently by Voyiadjis and Kattan (2012b, 2013c, d). This kind of

material is considered as a hypothetical material that cannot be damaged during the

loading process. Furthermore, decomposition of the damage tensor into two

damage components, one due to cracks and one due to voids, is developed by

Kattan and Voyiadjis (2001). Finally, a conceptual framework for general damage

processes operating in series and in parallel is introduced by Voyiadjis and Kattan

(2012a).

In this chapter, after a quick introduction on the literature of healing and

super healing concept, the damage/healing mechanics principles are investigated.

The concept of super healing of materials is then introduced into the framework of

continuum damage mechanics. Super-healed material can be seen as a strength-

ened material by further healing when the whole damage is recovered by healing of

a damaged material. Therefore, in this chapter the process of healing beyond what

is necessary for damage recovery is called super healing. Super material is the final
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objective of the super healing process when the material achieves more stiffness

at the end of super healing process. Consequently, by introducing the anisotropic

super healing concept, these concepts are generalized in tensorial form to be

used in anisotropic damage and healing of materials. Mechanics of damage/

healing and super healing are illustrated using an example for the case of plane

stress. Consequently, the characteristics of the super material are outlined in the

following section. Furthermore, three fundamental issues in continuum damage

mechanics are discussed, and fracture mechanics and damage mechanics are

linked through the internal damage process leading to singularity in continuous

regions.

Review of Damage/Healing Mechanics

In this section, the damage/healing mechanics principles are reviewed considering a

fictitious undamaged material configuration as shown in Fig. 1. Any nonzero

component of the effective Cauchy stress tensor σij such as the tension component

σ can be obtained by the following relation (Kachanov 1958; Rabotnov 1963;

Sidoroff 1981; Voyiadjis and Kattan 2006, 2009):

σ ¼ σ

1� φ
(1)

σ is the corresponding component of the Cauchy stress tensor and φ is the isotropic

damage variable. The damage variable φ changes between 0 and 1. It is worth to

mention that the value φ ¼ 0 shows the undamaged state while complete failure

(fracture) happens when the value of φ tends to 1.

Defining an intermediate configuration as partially healed material which is

indicated in Fig. 2 and considering this configuration as a combination of damage

and healing between undamaged and damaged state as shown in Fig. 3, the effective

stress σ is written as (Chow and Wang 1987; Park and Voyiadjis 1998; Voyiadjis

and Park 1997; Voyiadjis et al. 2012)

σ ¼ σ

1� φ 1� hð Þ (2)

where h is the healing variable. The healing variable h is also changes 0 and 1. It is
worth to mention that the value h ¼ 0 shows the absence of healing; therefore,

Eq. 1 can be obtained from Eq. 2 by substituting h ¼ 0 in this case. On the other

hand, the value h ¼ 1 describes complete healing, i.e., recovery of all the damage.

In this case, material goes back to the beginning of the loading (undamaged state),

and the actual stress and the effective stress are equal in Eq. 2. Comparison

between Eqs. 1 and 2 confirms the replacement of the damage variable φ in

Eq. 1 by the variable φ (1 � h) in Eq. 2 in self-healing materials. Both damage

and healing effects are combined through this new variable in one single parameter
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which is called here the combined damage/healing variable (Chow and Wang

1987) termed this variable as the effective damage variable. However, Eq. 2 is

not written explicitly by Park and Voyiadjis (1998) and Voyiadjis and Park (1997),

and it is not recognized as the combined damage/healing variable as a single

parameter.

Fig. 2 Healing configurations in terms of cross-sectional area reduction (After Voyiadjis and

Kattan 2013a)

Fig. 3 Damage and healing configurations in terms of cross-sectional area reduction (After

Voyiadjis and Kattan 2013a)

Fig. 1 Damage configurations in terms of cross-sectional area reduction (After Voyiadjis and

Kattan 2013a)
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Based on Eq. 2, the complete failure occurs when the value of the new variable

(combined damage/healing parameter φ (1 � h)) tends to 1. Two different situa-

tions can occur in the absence of damage when the new variable is zero: first one is

when φ ¼ 0 (undamaged virgin material), and the other one is when h ¼ 1

(completely healed material). Schematic stress–strain curves are shown in Figs. 4

and 5 for damaged and damaged/healed materials in elastic region, respectively. It

is worth to mention that reformulation of the damage and healing principles (Eqs. 1

and 2) in terms of the elastic stiffness as shown in Figs. 4 and 5 is possible, but this

is beyond the scope of this chapter.

Experimental test results on bituminous materials are shown in Figs. 6 and 7.

These experiments show the capabilities of self-healing materials and the relation-

ship between the healing time and the healing percentage which were conducted by

Murray et al. (1995). In their work, Qiu et al. elucidated several characteristics of

bituminous materials as related to healing and damage.

It should be noted that the healing parameter h corresponds exactly to the healing
percentage which are shown in Figs. 6 and 7. The experimental results fully

conform to the theoretical damage/healing mechanics framework which is summa-

rized in this section. Upon further examination of Fig. 7, it is finally clear that the

healing effect is limited in the first 10 h, but healing improves significantly during

the 100th and 1,000th hours. Certain biological materials like bones can be con-

sidered as other applications on healing of materials.

Fig. 4 Damage states in

terms of elastic stiffness

degradation (After Voyiadjis

and Kattan 2013a)

Fig. 5 Damage and healing

states in terms of elastic

stiffness degradation (After

Voyiadjis and Kattan 2013a)
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Introduction to Super Healing

In classical damage/healing mechanics, the healing parameter h changes between

0 and 1 in which h ¼ 0 implies zero healing and h ¼ 1 implies complete healing.

Assume that after complete damage recovery, i.e., when h ¼ 1, the healing process

continues beyond h ¼ 1. This will enable us to use large values for h, i.e., h is

allowed to take values like 2, 3, 4, . . ... n + 1. This special case is called super

Fig. 7 The relation of healing time to healing percentage in a practical example (After Voyiadjis

and Kattan 2013a)

Fig. 6 A practical example of healing time versus healing percentage (After Voyiadjis and Kattan

2013a)
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healing in which some form of strengthening or enhancing the properties of the

material occurs instead of further healing since the material is now undamaged (was

completely healed when healing variable reaches to 1 h ¼ 1). The values of n are

limited to integer values only in the following derivation, and it is not allowed to

take real values at this stage. The details for this issue are outlined in

section “Characteristics of the Super Material.” Therefore, in the super healing

phase, the values of the healing parameter h start at 1 and increase to take the values
2, 3, 4, . . . . . n + 1. It is obvious that by high increasing of the value of the healing

parameter h, a strengthened material will be obtained. Hypothetical material which

is called here the super material is postulated as the value of h approaches infinity.

Full characterization of the super material is not the intention of this chapter, but

only the way to its realization is pointed out. Some of the characteristics of the super

material are postulated in section “Characteristics of the Super Material.” It is

hoped that future technology will be able to manufacture strong and self-healing

materials that come as close as possible to the proposed theoretical super material.

Establishing governing equations for the proposed super healing materials is the

main aim of this chapter. In this work, what interests us is the mechanics of the

process of super healing and not the final super material which remains theoretical

and hypothetical at this time.

Equation 2 changes to the following form by assuming the value of the healing

parameter h is increased through super healing to n + 1.

σ ¼ σ

1þ nφ
(3)

Equation 3 can be considered as the main expression of the process of

super healing. Based on Eq. 3, it can be seen that as the value n tends to infinity,

the value of the effective stress tends to zero. Thus, the first characteristic of the

super material is concluded as its effective stress is zero, and it does not depend on

the value of either the damage parameter φ or the healing parameter h. This process
is called super healing of order n based on Eq. 3. Super-healed material can

be obtained by continuing super healing at different stages as the value of

h increases from 1 to 2 to 3 and so on. The super-healed material of order

n will be finally obtained when the process of super healing of order n takes its

due course.

In damage mechanics, the effective stress becomes infinity which indicates

complete rupture of the material when φ ¼ 1 (see Eq. 1). However, the effective

stress does not explode but takes a finite value in super-healed materials when

φ ¼ 1 (see Eq. 3). This means that rupture does not occur in super-healed

materials even when the value of the damage parameter approaches to infinity.

This can be seen as the significance of the super healing process. Based on Eq. 2, it

can be seen clearly that the effective stress explodes when the value of the

combined damage/healing parameter φ (1 � h) tends to one. This critical case

cannot occur in super-healed materials since by setting φ (1 � h) ¼ 1 the relation
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for h ¼ φ�1
φ is obtained and based on this relation by assuming the value of the

damage parameter φ ¼ 1, then the obtained value for h is h ¼ 0 which is not

possible. The value of the healing parameter will be negative if the value of the

damage parameter is less than 1 which is not possible again. Another possibility is

when both the damage and healing parameters take values larger than 1; this case

cannot occur since the damage parameter is bounded to be less or equal to 1. From

the beginning of this chapter up to this section, a certain mechanism for the super

healing process is proposed. By admitting higher values for h larger than 1 up to

n + 1, the process of super healing is achieved. One single healing mechanism is

employed in the first approach and another approach which employs multiple

healing mechanisms operating in parallel (i.e., at the same time) for the process of

super healing to occur. The equivalency of the two approaches is shown in the

following part. Multiple healing parameters h1, h2, h3, ......., hn characterizing

multiple healing mechanisms that are operating at the same time are utilized

instead of one single healing parameter h. In this case, the value of each

healing parameter is limited to 1 only since there is no need to go beyond 1

in this approach for super healing. Therefore, Eq. 2 can be rewritten in the

following form:

σ ¼ σ

1� φ 1� h1 � h2 � :::::� hnð Þ (4)

In order to derive Eq. 4, one follows the same procedure used in deriving Eq. 2.

For more details, check the references by Chow and Wang (1987), Park and

Voyiadjis (1998), and Voyiadjis and Park (1997).

The proposed process of super healing can be achieved by utilizing Eq. 4

characterizing multiple healing parameters (n parameters) operating at the same

time and by using the value 1 for each separate healing parameter. Furthermore, the

elusive super material is considered again if the number of healing parameters

approaches infinity (with each one limited to 1). Equivalency of the two approaches

to super healing of Eqs. 2 and 4 is shown in as follows. Resultant healing parameter

h is defined as the sum of the multiple healing parameters h1, h2, h3,......., hn as

follows:

h ¼ h1 þ h2 þ h3 þ :::::::::þ hn (5)

Therefore, the process of super healing can be obtained in two different ways:

first by using one single large healing parameter h with values 1, 2, 3, . . . . n and

second by using multiple small healing parameters h1, h2, h3, ......., hn operating

together but with limit value of one for each parameter. It can be seen that by

substituting the value of 1 for each single parameter in Eq. 4, governing equation of

super healing (Eq. 3) can be obtained, and thus both approaches are the same.

Finally, the following question needs to be asked: What happens by allowing each

multiple healing parameter h1, h2, h3, ......., hn to have a value larger than 1? This
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will open the way for more healing and super healing. For instance, allowing each

healing parameter to take the value of 2, then Eq. 3 reads

σ ¼ σ

1þ 2nφ
(6)

This is called Level 2 Super Healing characterized by Eq. 6. In general, the

following expression can be obtained which characterizes the process of super

healing in the case where each healing parameter is allowed to take the value of n

σ ¼ σ

1þ n2φ
(7)

This is called Level n Super Healing characterized by Eq. 7.

Anisotropic Damage/Healing Mechanics

The theory of damage/healing mechanics of section “Review of Damage/Healing

Mechanics” is generalized to anisotropic damage/healing in this section (Chow and

Wang 1987; Park and Voyiadjis 1998; Voyiadjis and Park 1997). For this purpose,

tensors are used instead of scalars. In the following, capital letters are used to denote

fourth-rank tensors, and it is assumed that tensors are represented by matrices. Let

M denote the fourth-rank damage effect tensor of continuum damage mechanics.

The exact relationship between the fourth-rank damage effect tensor M and the

scalar damage variable φ is extensively investigated in the literature (Sidoroff 1981;

Voyiadjis and Kattan 2006, 2009).

Let H denote a fourth-rank healing tensor corresponding to the healing param-

eter h. For the exact relationship between H and h, see Park and Voyiadjis (1998)

and Voyiadjis and Park (1997). In the case of anisotropic healing and damage, Eq. 2

can be generalized as follows (Park and Voyiadjis 1998; Voyiadjis and Park 1997):

σij ¼ M�1
ijkl þ Iijmn �M�1

ijmn

� �
: H�1

mnkl

h i�1

σkl (8)

where Iijmn is the fourth-rank identity tensor. In Eq. 8, σkl and σij are second-rank

stress tensors and are represented by vectors in section “Damage/Healing and Super

Healing in Plane Stress.” Based on Eq. 8, it is shown that the combined damage/

healing parameter φ (1 � h) is generalized to (Iijmn � Mijmn
�1) (Imnkl � Hmnkl

�1).

The latter expression for combined damage and healing can be derived directly

from Eq. 8 considering the facts that the main component of M corresponds to 1
1�φ

and the main component of H corresponds to 1
h . The fourth-rank healing tensor

H clearly satisfies some mathematical properties such as the components of this

tensor are either positive or zero, and both the trace and norm of the tensor are

positive. However, the tensor H may not necessarily be positive definite. These

properties are illustrated with the example of plane stress which is given in

section “Damage/Healing and Super Healing in Plane Stress.”
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Anisotropic Super Healing

The process of super healing for anisotropic damage and healing mechanism is

shown in this section. Following the outlined reasoning in section “Introduction to

Super Healing” for the proposed mechanism of super healing, the components of

the fourth-rank healing tensor H is allowed to increase gradually beyond the values

of the components of the fourth-rank identity tensor I, i.e., set Hijkl ¼ (n + 1) Iijkl.
In another way, previous relation can be written between the norms of the two

fourth-rank tensors. The following expression can be obtained by substituting

previous relation in Eq. 8 and simplifying

σij ¼ n Iijkl �M�1
ijkl

� �
þ Iijkl

h i�1

σkl (9)

The process of anisotropic super healing is characterized by the expression

obtained in Eq. 9. Based on Eq. 9, when the value of n tends to infinity, the value

of the effective stress goes to zero. The same conclusion was obtained for super

healing in the case of scalar damage and healing in previous sections. It should be

noted that by implementing the appropriate constraints, the anisotropic super

healing in Eq. 9 reduces to the scalar super healing in Eq. 3.

Damage/Healing and Super Healing in Plane Stress

Plane stress is solved to illustrate the processes of damage, healing, and super

healing in this section. For this special case, the tensors of Eq. 8 are represented by

vectors and matrices (Voyiadjis and Kattan 2006):

σf g ¼
σ11
σ22
σ12

8<
:

9=
; (10a)

σf g ¼
σ11
σ22
σ12

8<
:

9=
; (10b)

I ¼
1 0 0

0 1 0

0 0 1

2
4

3
5 (10c)

M ¼ 1

Δ

ψ22 0 φ12

0 ψ11 φ12
φ12

2

φ12

2

ψ11 þ ψ22

2

2
64

3
75 (10d)
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where ψ11 ¼ 1 � φ11 and ψ22 ¼ 1 � φ22. The denominator Δ in Eq. 10d is given

by Voyiadjis and Kattan (2006):

Δ ¼ ψ11ψ22 � φ2
12 (10e)

It should be noted that Eq. 10d is obtained based on the symmetrization

procedure given by the following expression (Voyiadjis and Kattan 2006):

σij ¼ 1

2
σip δpj � φpj

� ��1 þ δip � φip

� ��1
σpj

h i
(10f)

The following 3�3 matrix representation can be written for the healing tensor of

Eq. 8 for the case of plane stress:

H�1 ¼
h11 0 h12
0 h22 h12

h12 h12
h11 þ h22

2

2
64

3
75 (11)

Based on Eq. 11, the inverse healing tensor satisfies certain mathematical

properties such that the components of this tensor are either positive or zero and

the trace of this tensor h11 þ h22 þ h11þh22
2

� �
is positive. Also, the norm of this tensorffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h211 þ h222 þ h212

q� �
is positive. Since the expression h11

2 + h22
2 � h12

2 is not

necessarily positive, this tensor is not necessarily positive definite.

It can be seen that the form of the inverse healing matrix which is postulated in

Eq. 11 is similar to the form of the damage effect matrix in Eq. 10d. Substituting

Eqs. 10f and 11 into Eq. 8 results in

σf g ¼ X½ � σf g (12)

where the components of the fourth-rank tensor [X] are given by (the MATLAB

Symbolic Math Toolbox is used to carry out the algebraic manipulations)

X11 ¼
�� 2þ 3φ11 þ φ22 � φ11φ22 � φ2

11 þ φ2
12 � 2h11φ11 þ h11φ11φ22 þ h11φ2

11

� h11φ2
12 � 2h12φ12 þ 2h12φ11φ12

�
= φ11 þ φ22 � 2ð Þ

(13a)

X12 ¼ φ12 �φ12 þ h22φ12 � 2h12 þ 2h12φ11ð Þ= φ11 þ φ22 � 2ð Þ (13b)

X13 ¼
�
2φ12 � 2φ11φ12 � 2h12φ11 þ h12φ2

11 þ h12φ11φ22 � h11φ12 � h22φ12

þ h11φ11φ12 þ h22φ11φ12

�
= φ11 þ φ22 � 2ð Þ

(13c)

X21 ¼ φ12 �φ12 þ h11φ12 � 2h12 þ 2h12φ22ð Þ= φ11 þ φ22 � 2ð Þ (13d)
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X22 ¼
�� 2þ φ11 þ 3φ22 � φ11φ22 � φ2

22 þ φ2
12 � 2h22φ22 þ h22φ11φ22 þ h22φ2

22

� h22φ2
12 � 2h12φ12 þ 2h12φ22φ12

�
= φ11 þ φ22 � 2ð Þ

(13e)

X23 ¼
�
2φ12 � 2φ22φ12 � 2h12φ22 þ h12φ2

22 þ h12φ11φ22 � h11φ12 � h22φ12

þ h11φ22φ12 þ h22φ22φ12

�
= φ11 þ φ22 � 2ð Þ

(13f)

X31 ¼
�
φ12 � φ11φ12 � h12φ11 � h12φ22 � h11φ12 þ h11φ11φ12

þ 2h12φ11φ22

�
= φ11 þ φ22 � 2ð Þ (13g)

X32 ¼
�
φ12 � φ22φ12 � h12φ11 � h12φ22 � h22φ12 þ h22φ22φ12

þ 2h12φ11φ22

�
= φ11 þ φ22 � 2ð Þ (13h)

X33 ¼ 1

2

�� 4þ 4φ11 þ 4φ22 � 4φ11φ22 � h11φ11 � h11φ22 � h22φ11 � h22φ22

� 4h12φ12 þ 2h12φ11φ12 þ 2h12φ22φ12 þ 2h11φ11φ22 þ 2h22φ11φ22

�
=

φ11 þ φ22 � 2ð Þ
(13i)

Special case, i.e., the case of principal components, is considered here for the

sake of simplicity. For this case, by setting φ12 ¼ φ21 ¼ 0 and h12 ¼ h21 ¼ 0 in

Eq. 13, the following expressions can be obtained:

X11 ¼ �2þ3φ11þφ22�φ11φ22�φ2
11�2h11φ11þh11φ

2
11þh11φ11φ22

� �
= φ11þφ22�2ð Þ

(14a)

X22 ¼ �2þφ11þ3φ22�φ11φ22�φ2
22�2h22φ22þh22φ

2
22þh22φ11φ22

� �
= φ11þφ22�2ð Þ

(14b)

X33 ¼ 1

2

�� 4þ 4φ11 þ 4φ22 � 4φ11φ22 � h11φ11 � h11φ22 � h22φ11 � h22φ22

þ 2h11φ11φ22 þ 2h22φ11φ22

�
= φ11 þ φ22 � 2ð Þ

(14c)

It can be seen that based on Eq. 13 for this special case, all the other components

of the fourth-rank tensor [X] vanish. Simplifying Eq. 14 and substituting into Eq. 12

lead to obtain the following simple expressions (after some tedious algebraic

manipulations):

σ11 ¼ σ11
1� φ11 1� h11ð Þ (15a)
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σ22 ¼ σ22
1� φ22 1� h22ð Þ (15b)

σ12 ¼ σ12

1� 1� h11 þ h22
2

� �
φ11 þ φ22 � 2φ11φ22

φ11 þ φ22 � 2

� � (15c)

It can be seen from Eq. 15 that the principal equations of damage and healing

(Eqs. 15a and 15b) reduce to the expression of the scalar case of Eq. 2 for the case of

plane stress and the proposed super healing process is valid in the case of plane

stress. This can be achieved by substituting values for the healing parameters h11
and h22 exceeding 1 and approaching a large number, and then the effective stress

tends to zero. In addition, when these values tend to infinity, the elusive super

material is obtained.

Characteristics of the Super Material

The use is made of the theories of super healing and undamageable materials to

elucidate some of the characteristics of the sought super material within the

continuum damage mechanics framework in this section. The concept of an

undamageable material is proposed by Kobayashi (1992), Voyiadjis and Kattan

(2012b), and Warren and Boettinger (1995). The value of the damage variable

remains zero in this hypothetical type of material throughout the deformation

process. Theoretically, such materials cannot be damaged. Constitutive equations

of undamageable materials are derived through introducing a new type of material

called the Voyiadjis–Kattan material of order n (Kobayashi 1992). This material

type is a nonlinear elastic material which has a nonlinear strain energy form.

Voyiadjis–Kattan materials of order n are based on higher-order strain energy

forms that assume the general form

U ¼ 1

2
σ en (16)

Nonlinear stress–strain relation for the given form of higher-order strain energy

in Eq. 16 reads

σ ¼ E
1

en
e�2= n�1ð Þe n�1ð Þ½ � (17)

The reader is referred to Kobayashi (1992), Voyiadjis and Kattan (2012b), and

Warren and Boettinger (1995) for full derivation and more details. This general

form (Eq. 17) satisfies the initial conditions σ ¼ 0 when e ¼ 0 since the limit of the

expression for the stress tends to zero as the strain tends to zero. Equations 16 and

17 are valid for one-dimensional cases only. It can be concluded reasonably that
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Voyiadjis–Kattan materials (and ultimately the undamageable material) can be

manufactured in the future using a process based on the super healing model as

outlined here. It can be seen that the Voyiadjis–Kattan material of order n is the

same as a super-healed material of order n. Since the proposed higher-order strain

energy forms (Eq. 16) admits integer values of the exponent n, it can be concluded

that the super healing process also admits such integer values for n.
The following characteristics of the super material are outlined here based on the

theory developed in sections “Introduction to Super Healing” and “Anisotropic

Super Healing” in this chapter and the theory of undamageable materials as

formulated by Gránásy et al. (2002), Kobayashi (1992), and Warren and

Boettinger (1995).

The super material must be undamageable. Therefore, the properties of

undamageable materials apply also to the super material. These properties are as

outlined below. The value of the stress will remain equal to zero throughout the

deformation process. The value of the damage variable will be equal to zero also

throughout the deformation process. The super material has zero strain energy. This

property is directly derived from above. The super material has nonzero strain

values. Thus, the super material is a type of deformable material, not a rigid body.

The super material is based on the proposed higher-order strain energy form of

Eq. 16 taken in the limit when n ! 1. The stress–strain relationship for the super

material may be obtained from the elastic relation in Eq. 17 taken in the limit as

n ! 1. Some of the above items may be clearly deduced from the limit of Eq. 17.

These characteristics are also clearly evident in Fig. 8 which was plotted based on

Eq. 17.

Fig. 8 Stress–strain curves based on Eq. 17 (After Voyiadjis and Kattan 2013a)
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Three Fundamental Issues in Continuum Damage Mechanics

In this section, the nature of the damage process within the framework of CDM is

investigated by dissecting the expression of the effective stress into an infinite

geometric series as follows:

ar þ ar2 þ ar3 þ :::::::::: ¼ a

1� r
(18)

The above geometric series is valid for |r| < 1. The effective stress given by

σ ¼ σ

1� φ
(19)

The effective stress given in Eq. 19 is the classical expression which is taken

from the theory of CDM. In Eq. 19, φ is the damage variable (its value lies between

zero and one), σ is the Cauchy stress, while σ is the corresponding effective stress.

Comparing the right-hand side of the geometric series in Eq. 18 and the effective

stress expression in Eq. 19 leads to the conclusion that the effective stress is equal to

the sum of the infinite geometric series. It satisfies the condition since 0 < φ < 1.

Thus, by making analogy with the infinite geometric series in Eq. 18, the effective

stress (Eq. 19) can be written as follows:

σ ¼ σ 1þ φþ φ2 þ φ3 þ ::::::::::
� �

(20)

Equation 20 is an infinite series exact relationship. It can be interpreted physi-

cally by considering the damage process as an infinite number of smaller damage

processes or stages. Equation 20 can be rewritten in the following form since σA
¼ σA, where A is the cross-sectional area and A is the effective cross-sectional area

(the cross-sectional area in the fictitious effective configuration):

A

A
¼ 1þ φþ φ2 þ φ3 þ :::::::::: (21)

Equation 21 shows that the damage process can be considered as the summation

of several smaller damage processes or stages: the primary damage stage by taking

the first two terms of the series, the secondary damage stage by taking the first three

terms of the series, and the tertiary damage stage by taking the first four terms of the

series. Although this process can be continued in an infinite number of smaller and

smaller damage stages mathematically, but considering the first four terms of the

infinite geometric series is sufficient for practical purposes.
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Primary Damage Variable The first two terms of the series in Eq. 21 is considered

to define the primary damage variable as follows:

A

A
¼ 1þ φp (22)

Equation 22 can be solved explicitly to obtain the following expression of the

primary damage variable:

φp ¼
A

A
� 1 (23)

Secondary Damage Variable The first three terms of the series in Eq. 21 are

considered for defining the secondary damage variable as follows:

A

A
¼ 1þ φS þ φ2

S (24)

The quadratic equation (Eq. 24) can be solved explicitly to obtain the following

expression of the secondary damage variable:

φS ¼ � 1

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3þ 4

A

A

r
(25)

Tertiary Damage Variable The first four terms of the series in Eq. 21 are consid-

ered to define the tertiary damage variable as follows:

A

A
¼ 1þ φt þ φ2

t þ φ3
t (26)

The cubic equation (Eq. 26) can be solved explicitly to obtain the following

expression of the tertiary damage variable:

φt ¼ � 1

3
þ 1

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�80þ 108

A

A
þ 12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
48� 120

A

A
þ 81

A

A

� �2
s

3

vuut
� 4

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�80þ 108

A

A

3

r
þ 12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
48� 120

A

A
þ 81 A

A

� �2
r (27)

Thus, the explicit expressions for the damage variables at the primary, second-

ary, and tertiary damage stages have been established. In the next subsection,

dissection of the damage process into the aforementioned three stages is presented

mathematically.
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Small Damage Processes

In this section, the problem of small damage processes is observed in details. In

Voyiadjis and Mozaffari (2013), the following generalized relationship between the

Cauchy stress and the effective stress is derived using the phase field method:

σ ¼ σ

1� φð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2φþ 1

p (28)

It is worth to mention that the effective stress expression given in Eq. 28 results

in to a cubic formula for φ in terms of areas. The reader is referred to the work by

authors for more details (Voyiadjis and Mozaffari 2013).

Equation 28 is compared with the classical expression given in Eq. 19. Consid-

ering the square root term that appears in the denominator of Eq. 28, the Taylor

series expansion of the square root function is used to obtain the following approx-

imation by taking the first two terms of the expansion:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2φþ 1

p
� 1þ φ (29)

Equation 29 is valid for small values of φ, i.e., for small damage. The following

expression for the effective stress of Eq. 28 can be written in the case of small

damage:

σ ¼ σ

1� φð Þ 1þ φð Þ ¼
σ

1� φ2
(30)

The above formula (Eq. 30) corresponds to the damage variable φ ¼
ffiffiffiffiffiffiffi
A�A
A

q
compared with φ ¼ A�A

A for the classical case. Alternatively, the following expres-

sion for the effective stress is postulated in the case of large damage:

σ ¼ σ

1� ffiffiffi
φ

p (31)

which corresponds to the damage variable φ ¼ A�A
A

� �2

One can now generalize the two expressions for the effective stress (Eqs. 30 and

31) with an exponent n for the two different cases (small and large damage) when

the increasing exponent goes from 2 to 3, 4, . . . . and ultimately to n where n tends

to infinity. Therefore, the two following generalized definitions are proposed:

σ ¼ σ

1� φn
for small damage (32)

σ ¼ σ

1� φ1=n
for large damage (33)

It can be seen that for normal (intermediate) damage then n ¼ 1 in both cases.
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The Concept of Undamageable Materials

In this section, previous issues are used to elaborate on the new undamageable

material concept. These hypothetical materials were proposed recently by

Voyiadjis and Kattan (2012b, 2013c, d) which can be compared with rubber

materials (Arruda and Boyce 1993). Undamageable materials are compared with

various nonlinear elastic materials taken from the book of Bower (2011) by

Voyiadjis and Kattan (2012b, 2013c, d). Undamageable materials are assumed

hypothetically to maintain a zero value for the damage variable through the loading

process. Details of this formulation were presented by Voyiadjis and Kattan (2012b,

2013c, d) within the framework of CDM. Thus, it can be seen that undamageable

materials are desirable since they cannot be damaged at all. It is hoped that the

manufacturing technology will reach a stage in the future where the realization of

this type of material can be achieved. The classical definition of the effective stress

(Eq. 19) is modified to show that such materials maintain a zero value of the

damage variable throughout the loading process as follows:

σ ¼ σffiffiffiffiffiffiffiffiffiffiffiffi
1� φn

p (34)

Performing the following derivation when n tends to infinity shows that the

stress and the effective stress are equal in undamageable materials:

σ ¼ σffiffiffiffiffiffiffiffiffiffiffiffi
1� φn

p ¼ σ

1� φð Þ1=n
¼ σ

1� φð Þ1=1
¼ σ

1� φð Þ0 ¼
σ

1
¼ σ (35)

Thus, one obtains the undamageable material in this case. In their previous

publications (Voyiadjis and Kattan 2012b, 2013c, d), they presented the concept

of undamageable materials using the definition of the damage variable in terms of

elastic stiffness degradation. The formulation is now supported further by

presenting the concept of undamageable materials using a slightly modified form

of the effective stress based on the cross-sectional area reduction as shown in

Eqs. 17 and 18.

Internal Damage Processes Leading to a Singularity
in a Continuous Region

Providing a possible link between the subjects of damage mechanics and fracture

mechanics is the aim of this section. Phenomenological study of the various internal

damage mechanisms without emphasis on the actual geometry of micro-cracks,

micro-voids, or other micro-defects is the main subject in continuum damage

mechanics. The study of the various forms of crack propagation and coalescence

in great details but without much discussion on initiation of these defects is the

main subject in fracture mechanics. Usually some form of energy threshold is used

to indicate these defects initiation but without showing precisely the way that they
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form. Recently, numerical simulations like the finite element method are used by

some researchers to show how cracks initiate in solids (Yu et al. 2012). Currently

there is no analytical closed-form solution for the precise method in which a

singularity arises in a continuous region.

In this section and within the framework of continuum damage mechanics, a

proposed sequence of internal damage processes within a continuous region is

postulated and described mathematically. It is shown that this sequence of internal

damage processes lead to a singularity in the continuous region. The resulting

singularity could be interpreted in several ways. It could represent the crack tip of

a forming micro-crack, the tip of a forming micro-void, or the tip of any other

forming micro-defect. This emerging singularity could also provide a crucial link

between the subjects of damage mechanics and fracture mechanics (see Fig. 9).

Mathematical Formulation

In this section, the principles of continuum damage mechanics are used to show how

a singularity arises in a continuous region. The cross-sectional area of the damaged

material is shown by A, while the corresponding damaged area is shown by Ao.

Based on continuum damage mechanics, the following classic equation is common:

ϕo ¼
Ao

A
(36)

The force on the cross-sectional area A is equal to σ A, while the force on the

undamaged area A � A0 is equal toσ0 A� A0ð Þ. Thus, the following equation shows
the equality of the forces on both damaged material (real configuration) and

undamaged material (fictitious configuration):

σA ¼ σ0 A� A0ð Þ (37a)

Equating Eqs. 36 and 37a and simplifying lead to

σ ¼ σo 1� ϕoð Þ (37b)

where ϕo is the damage variable, σ is the stress in the damaged configuration, and

σo is the effective stress that is associated with ϕo in the fictitious effective

(undamaged) configuration (see Fig. 10).

Fig. 9 The singularity could provide a crucial link between damage mechanics and fracture

mechanics (After Voyiadjis and Kattan 2013b)
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A subarea A1 of the damaged area Ao where A1 < Ao (see Fig. 11) is considered

and a new damage variable ϕ1 acting on this subarea A1 with further damage is

defined as follows (in this way, A1 is subjected to ϕo then followed by ϕ1):

ϕ1 ¼
A1

A
(38)

The force on the cross-sectional area A is given by σ A, and the forces on the

undamaged areas A � A0 and A � A1 are given by σ0 A� A0ð Þ and σ1 A� A1ð Þ,
respectively. Therefore, the following equation can be written based on the force

equality on both damaged and undamaged configurations:

σA ¼ σ0 A� A0ð Þ þ σ1 A� A1ð Þ (39a)

Substituting Eqs. 36 and 38 into Eq. 39a and simplifying result in

σ ¼ σ0 1� ϕoð Þ þ σ1 1� ϕ1ð Þ (39b)

Clearly ϕo > ϕ1 where ϕ1 is a new damage variable defined on the subarea A1

and σ1 is the effective stress associated with ϕ1.

Consequently, a subarea A2 of the damaged area A1 where A2 < A1 (see Fig. 11)

is considered and a new damage variable ϕ2 acting on this subarea A2 with further

Fig. 10 The damaged state and fictitious undamaged state (After Voyiadjis and Kattan 2013b)

Fig. 11 The sequence of

decreasing subareas leading

to the singularity (After

Voyiadjis and Kattan 2013b)
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damage is defined (in this way, A2 is subjected to ϕo then followed by ϕ1, then

finally followed by ϕ2). Therefore, new damage variable reads

ϕ2 ¼
A2

A
(40)

The force on the cross-sectional area A is obtained as σ A, and the forces on the

undamaged areas A � A0, A � A1, and A � A2 are obtained by σ0 A� A0ð Þ , σ1
A� A1ð Þ, and σ2 A� A2ð Þ, respectively. Therefore, the following equation can be

written based on the force equality on both damaged and undamaged

configurations:

σA ¼ σ0 A� A0ð Þ þ σ1 A� A1ð Þ þ σ2 A� A2ð Þ (41a)

Substituting Eqs. 36, 38, and 40 into Eq. 41a and simplifying lead to

σ ¼ σ0 1� ϕoð Þ þ σ1 1� ϕ1ð Þ þ σ2 1� ϕ2ð Þ (41b)

Clearly ϕ1 > ϕ2 where ϕ2 is a new damage variable defined on the subarea A2

and σ2 is the effective stress associated with ϕ2.

This process can be continued by defining n subareas A1 > A2 > ..... > An along

with n damage variables ϕ1 > ϕ2 > ..... > ϕn.

Thus, a strictly decreasing monotonic sequence of damage variables is obtained

as follows: ϕo, ϕ1, ϕ2,....., ϕn.

The above sequence converges to a limit based on the mathematics of sequences

and series since the value of each single damage variable is less than 1. Thus, the

following convergent series can be written as

ϕo þ ϕ1 þ ϕ2 þ ϕ3 þ ::::::þ ϕn þ ::::::::: ¼ ϕ (42)

where ϕ is the limit of the sequence and sum of the series.

Based on a direct extension of Eqs. 37b, 39b, and 41b, the following equation for

the stress can be written as

σ ¼ σ0 1� ϕoð Þ þ σ1 1� ϕ1ð Þ þ ::::::: þ σn 1� ϕnð Þ þ :::::::::: (43)

The question that arises is what happens when the above sequence tend to

infinity. Based on Eq. 48, at infinity the stress becomes infinite, while the damage

variable ϕn becomes zero as n ! 1 and the subarea An collapses to a point, i.e., the

sought after singularity.

Example: Special Case A special case is discussed to illustrate the above concept.

The following equations are valid assuming that the successive damage variables in

Eq. 42 are related by a constant ratio α:

ϕ1 ¼ αϕo (44)

ϕ2 ¼ αϕ1 (45)

1486 G.Z. Voyiadjis et al.



where 0 < α < 1. Thus, Eq. 42 becomes

ϕo 1þ αþ α2 þ α3 þ ::::::þ αn�1
� � ¼ ϕ (46)

The expression inside the parenthesis in Eq. 46 is a geometric series that sums to

the value 1�αn

1�α . Thus, Eq. 46 can be written as

ϕo

1� αn

1� α
¼ ϕ (47)

Considering an infinite geometric series, i.e., when n ! 1, then αn ! 0, since

0 < α < 1. Thus, Eq. 47 simplifies to the following form:

ϕo

1� α
¼ ϕ (48)

And since the value ofϕ is less than 1, then one obtains the constraint α < 1 � ϕo

on the value of the constant parameter α from Eq. 48. Therefore, the value of the

damage variable ϕ at the singularity in terms of the initial value of the damage

variable ϕo can be obtained from Eq. 48.

Conclusion

In this chapter, a new type of healing/strengthening process in materials called

super healing is proposed along with a new hypothetical type of material that is

called the super material. The mechanics of the super healing process has been

outlined using both scalar variables and anisotropic tensors. In addition, the

mechanics of scalar damage/healing is reviewed and elaborated on the mechanics

of anisotropic damage/healing. For further clarification and illustration of these new

concepts, the special case of plane stress was solved. Finally and in order to

elucidate the characteristics of the sought super material, it is concluded that the

super material has to be undamageable within the theory of elastic undamageable

elastic materials framework.

The authors did not present the physical and metallurgical aspects of this theory

in this work but only the theoretical mathematical formulation. This is because it is

not clear yet to the authors how these types of advanced materials could be

manufactured. It is hoped that the authors would be able to address the physical

and metallurgical aspects in forthcoming work. The authors reiterate their view-

point that this mathematical formulation lays a possible groundwork for any future

development in this regard. The authors are still hopeful that some form of

strengthened material may be realized in the near future. The various figures and

equations presented here should form the basis of the future technology of

undamageable materials that will be effectively indestructible.

The final question is what could be the interest (or practical use) of a material

that, even if undamageable, would deliver an extremely high valued strain under a
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totally negligible stress (as demonstrated on Fig. 8). The answer is that as the

exponent n approaches infinity, the material becomes very soft and is not ideal for

structural behavior related to practical applications. The issue is that at some value,

this exponent will be presenting a reasonable stiffness for structural applications

while maintaining a high fidelity for an undamaged material response. This is

termed a super material in structural applications. It is also noted that in reality,

the exponent n can never reach infinity in real applications. For practical applica-

tions, a finite value of n can be used although it may be very high.

It is shown that by considering a sequence of internal damage processes such that

the value of the damage variable in each process is less than that in the preceding

process leads to the sequence convergence to a finite value of damage along with

the fact that the sequence is a strictly decreasing monotonic sequence. It is also

shown considering such an infinite sequence leads to the infinite sequence of

subareas which converges to a point at infinity. This emerging point can be

considered as the sought singularity. This singularity may be visualized as the

crack tip of an emerging micro-crack, the tip of an emerging micro-void, or the

tip of any other emerging micro-defect. It is postulated that a singularity-like point

will be reached at a finite but large enough value of the parameter n since the point

at infinity may never be reached in practical problems. Consequently, micro-cracks,

micro-voids, and other micro-defects initiate in continuous regions out of nowhere.

A possible sequence of internal damage mechanisms that could produce a singu-

larity is illustrated in the last section of this chapter which may be considered as a

crucial link between the subjects of damage mechanics and fracture mechanics.
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