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Consider fun
tions

f (x) = x

3 − 2x

2 − 5x − 6

f (x) = x

3 − 2x

2 − 5x − 5

f (x) = x

3 − 2x

2 − 5x − 4

f (x) = x

3 − 2x

2 − 5x − 3

Find their derivatives.
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Derivatives

f (x) = x

3 − 2x

2 − 5x − 6 −→ f

′(x) = 3x

2 − 4x − 5

f (x) = x

3 − 2x

2 − 5x − 5 −→ f

′(x) = 3x

2 − 4x − 5

f (x) = x

3 − 2x

2 − 5x − 4 −→ f

′(x) = 3x

2 − 4x − 5

f (x) = x

3 − 2x

2 − 5x − 3 −→ f

′(x) = 3x

2 − 4x − 5
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f (x) = 3x

2 − 4x − 5 −→ F (x) = x

3 − 2x

2 − 5x + C

M.W. (CNMiKnO PG Gda«sk) Inde�nite integral (anti-derivative) 2012-2017 6 / 35



Inde�nite integral

De�nition (Inde�nite integral)

Given a fun
tion f (x), an inde�nite integral of f (x) is de�ned as a di�erentiable fun
tion F (x)
whi
h satis�es the equation

F

′(x) =
d

dx

(F (x)) = f (x)

The fun
tion F (x) is usually denoted by

∫

f (x)dx

The fun
tion f (x) is 
alled the integrand of the inde�nite integral.
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If F (x) is an inde�nite integral of f (x), then

d

dx

(F (x) + C ) =
d

dx

(F (x)) = f (x)

Then F (x) + C is another inde�nite integral of f (x).

If f (x) has two inde�nite integrals F (x) and G (x), then

F

′(x) = G

′(x) = f (x)

It follows that G (x) = F (x) + C for some 
onstant C .
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Proposition

[
∫

f (x)dx

]′

= f (x)

Proposition

∫

f

′(x)dx = f (x) + C

M.W. (CNMiKnO PG Gda«sk) Inde�nite integral (anti-derivative) 2012-2017 9 / 35



Basi
 formulae

∫

0dx = C

∫

x

n

dx = 1

n+1

x

n+1 + C , n 6= −1,

∫

1

x

dx = ln |x | + C

∫

e

x

dx = e

x + C

∫

a

x

dx = a

x

ln a + C

∫

sin xdx = − cos x + C

∫

cos xdx = sin x + C

∫

1

sin2 x
dx = − cot x + C

∫

1

cos2 x
dx = tan x + C

∫

1√
a

2−x2
dx = arcsin

(

x

a

)

+ C

∫

1

a

2+x2
dx = 1

a

arctan
(

x

a

)

+ C
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Examples

Example

Find the following inde�nite integrals.

1

∫

3

√
xx√
x

dx

2

∫

1

7

x

dx
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Properties of inde�nite integral

Theorem (Linearity of inde�nite integral)

∫


f (x)dx = 


∫

f (x)dx , 
 ∈ R
∫

(f (x)± g(x))dx =
∫

f (x)dx ±
∫

g(x)dx
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Examples

Example

Find the following inde�nite integrals.

1

∫

(ex − 3x

2)dx =

∫

e

x

dx −
∫

3x

2

dx =

∫

e

x

dx − 3

∫

x

2

dx =

e

x − x

3 + C

2

∫

1

sin2 x cos2 x
dx =

∫

sin2 x + cos2 x

sin2 x cos2 x
dx =

=

∫

sin2 x

sin2 x cos2 x
dx +

∫

cos2 x

sin2 x cos2 x
dx =

∫

1

cos2 x
dx +

∫

1

sin2 x
dx = tan x − cot x + C
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Integration by substitution

Theorem (Integration by substitution)

If u = u(x) is a di�erentiable fun
tion and g is 
ontinuous, then

∫

g(u)
du

dx

=

∫

g(u)u′(x)dx =

∫

g(u)du

We 
an 
an preform the method of integration by substitution as follows:

Write the integral as the form

∫

f (x)dx =

∫

g(u)
du

dx

dx

for some �inside fun
tion� u = u(x).
Then du = du

dx

dx and so

∫

f (x)dx =

∫

g(u)du.

Therefore, we 
an evaluate the latter integral instead.
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Example

∫

cos(2x + 3)dx

Example

∫

x

√
x − 5dx

Example

∫

1

(arccos x)5
√
1− x

2

dx
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Integration by parts

Theorem (Integration by parts)

If u = u(x) and v = v(x) are di�erentiable fun
tions, then we have the following identity:

∫

udv = uv −
∫

vdu

We 
an write also

∫

uv

′
dx = uv −

∫

vu

′
dx
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Example

∫

x

3 ln xdx

Example

∫

e

x sin xdx

Example

∫

ln xdx
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Examples

Example

∫

x cos xdx

Solution: x sin x + cos x + C
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Examples

Example

∫

x

3 ln xdx

Solution:

1

4

x

4 ln x − 1

16

x

4 + C

Example

∫

(x2 − 2x + 5)e−xdx

Solution: −e

−x(x2 + 5) + C
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We 
an use tabular integration for integrals of the form

∫

f (x) · g(x)dx , if ∃
n∈N su
h, that

f

(n)(x) = 0 provided g is n-times integrable.

Then

∫

f (x) · g(x)dx =

= f (x)G
1

(x) − f

′(x)G
2

(x) + f

′′(x)G
3

(x) + . . .+ (−1)n−1

f

(n−1)(x)G
n

(x) + C
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Example

∫

(x3 − 2x

2 + 4) sin(x)dx

sign Derivatives Integrals

+ x

3 − 2x

2 + 4 sin x
− f

′(x) = 3x

2 − 4x G

1

(x) = − cos x
+ f

′′(x) = 6x − 4 G

2

(x) = − sin x
− f

′′′(x) = 6 G

3

(x) = cos x

+ f

(4)(x) = 0 G

4

(x) = sin x

∫

(x3 − 2x

2 + 4) sin(x)dx =

(x3 − 2x

2 + 4)(− cos x) − (3x2 − 4x)(− sin x) + (6x − 4) cos x − 6 sin x + C
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Useful formulae

∫

f

′(x)
f (x) dx = ln |f (x)| + C , f (x) 6= 0

∫

f

n(x)f ′(x)dx = f

n+1(x)
n+1

+ C , n ∈ N

∫

f

′(x)√
f (x)

dx = 2

√

f (x) + C , f (x) > 0

∫

f

′(x)
f

2(x)
dx = − 1

f (x) + C , f (x) 6= 0

Proposition

If

∫

f (x)dx = F (x) + C, then

∫

f (ax + b)dx = 1

a

F (ax + b) + C
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Basi
 formulae

∫

tan xdx = ln | 1

cos x |+ C

∫

cot xdx = − ln | 1

sin x |+ C

∫

1

sin x dx = − ln | 1

sin x + cot x |+ C

∫

1

cos x dx = ln | 1

cos x + tan x |+ C
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Examples

Example

∫

arctan xdx

Solution: x arctan x − 1

2

ln(1+ x

2) + C

Example

∫

e

√
x

dx

Solution: 2

√
xe

√
x − e

√
x + C
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Example

Cal
ulate integrals:

1

∫

x

2+5x−1√
x

dx

2

∫

6x

3+x2−2x+1

2x−1

dx

3

∫

1

sin2(x) cos2(x)
dx

4

∫

tan2 xdx
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Example

1

∫

(x2 + 5)3dx

2

∫

(22x + 11)2013dx

3

∫

1√
x+1−

√
x

dx

4

∫

cos(πx + 1)dx

5

∫

cos(4x) cos(7x)dx
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Example

1

∫

sin2 xdx

2

∫

sin2(3x)dx

3

∫

1

x

2+4x+5

dx

4

∫

1

4x

2+25

dx

5

∫

1

x

2+x+1

dx
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Example

1

∫

1√
5−x2−4x

dx

2

∫

1√
x

2+6x+1

dx

3

∫

1√
4−x2−4x

dx

4

∫

1√
10x

2−7

dx
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Example

1

∫

1

x

2−6x+13

dx

2

∫

x−1

3

√
x

2

dx

3

∫

3−2 cot2 x
cos2 x

dx

4

∫

2+3x

2

x

2(1+x2)
dx
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Example

1

∫

√
1−x2

√
1+x2√

1−x4
dx

2

∫

cos 2x
cos x−sin x dx

3

∫

2

x+1−5

x−1

10

x

dx

4

∫

(sin 5x − sin 5α)dx
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Strategy for integrating rational fun
tions

P(x)
Q(x)

If degP(x) ≥ degQ(x), try long division. Then apply the method of partial fra
tions on

the remainder.

If Q(x) is the produ
t of distin
t linear fa
tors, pi
k partial fra
tions of the form

A

x − 


If Q(x) 
ontains a repeated linear fa
tor, (x − 
)n, pi
k partial fra
tions of the form

A

1

x − 


+
A

2

(x − 
)2
+

A

3

(x − 
)3
+ . . .+

A

n

(x − 
)n

If Q(x) 
ontains an unfa
torable quadrati
 q(x) = x

2 + 
x + d , pi
k a partial fra
tion of

the form

Ax+B
q(x)

If Q(x) 
ontains a repeated unfa
torable quadrati
 q(x)n = (x2 + 
x + d)n, pi
k partial

fra
tions of the form

A

1

x + B

1

q(x)
+

A

2

x + B

2

q(x)2
+

A

3

x + B

3

q(x)3
+ . . .+

A

n

x + B

n

q(x)n
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Useful identities for simple rational forms:

∫

1

ax+bdx = 1

a

ln |ax + b|+ C , a 6= 0

∫

1

(ax+b)n dx = −1

a(n−1)(ax+b)n−1

+ C , a 6= 0, n 6= 1
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Examples

Example

∫

15x

2 − 4x − 81

(x − 3)(x + 4)(x − 1)
dx

Solution: 3 ln |x − 3|+ 5 ln |x + 4|+ 7 ln |x − 1|+ C

Example

∫

x

4 − 3x

2 − 3x − 2

x

3 − x

2 − 2x

dx

Solution:

x

2

2

+ x + ln |x | − 2

3

ln |x − 2| − 1

3

ln |x + 1|+ C
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Examples

Example

∫

2x

2 − 3x + 3

x

3 − 2x

2 + x

dx

Solution: 3 ln |x | − 2

x−1

− ln |x − 1|+ C

Example

∫

x

x

3 + 1

dx

Solution: −1

3

ln |x + 1|+ 1

6

ln(x2 − x + 1) +
√
3

3

arctan 2x−1√
3

+ C
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