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Consider functions

Find their derivatives.
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Derivatives
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f(x) =3x% —4x =5 — F(x) =x* —2x* = 6x + C

4
=

5

)

o

M.W. (CNMiKnO PG Gdansk) Indefinite integral (anti-derivative) 2012-2017 6/ 35



Indefinite integral

Definition (Indefinite integral)

Given a function f(x), an indefinite integral of f(x) is defined as a differentiable function F(x)
which satisfies the equation

d
/ == — pr—
Fi(x) = - (F(x)) = ()
The function F(x) is usually denoted by
/f(x)dx

The function f(x) is called the integrand of the indefinite integral.
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If F(x) is an indefinite integral of f(x), then

d d
Z(F() + €)= S (F() = ()

Then F(x) + C is another indefinite integral of f(x).
If £(x) has two indefinite integrals F(x) and G(x), then

F'(x) = G'(x) = f(x)

It follows that G(x) = F(x) + C for some constant C.
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[ / f(x)dx]l — (%)

| N\

Proposition

/f’(x)dx =f(x)+C

A\,
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Basic formulae

o [0dx=C
o [x"dx = Zgx™+C, n#-1,
o [Ldx=In|x|+C
o [eXdx=e"+C
° faxdx:lf’]—a+C
o [sinxdx = —cosx+ C
o [cosxdx =sinx+ C
° fsinlzxdx:—cotx+C
° fcoslzxdx:tanx—i—C
1 .
ofmdx:arcsm(’—;)—i-(:
°o [ —a2ix2 dx = Larctan (%) + C
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Examples

Find the following indefinite integrals.

o
[
(2]
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Properties of indefinite integral

Theorem (Linearity of indefinite integral)
o [cf(x)dx =c[f(x)dx, ceR
o [(f(x)tg(x))dx = [ f(x)dx £+ [ g(x)dx
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Examples

Find the following indefinite integrals.

o
/(ex—3x2)dx:/exdx—/3x2dx:/exdx—3/x2dx:

e —x3+C

2

1 sin® x + cos? x
ﬁdx = ﬁdx =
Sin“ x cos® x sin“ x cos“ x

sin? x cos? x

= ﬁdx"" ﬁdx:
sin“ x cos< x sin“ x cos< x

1 1
/ 5 dx+/ ——dx =tanx —cotx + C
cos? x sin® x

2012-2017
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Integration by substitution

Theorem (Integration by substitution)

If u= u(x) is a differentiable function and g is continuous, then

[ew% = [ o= [gwds

We can can preform the method of integration by substitution as follows:

Write the integral as the form
du
/ F(x)dx = / () dx

/ F(x)dx = / g(u)du.

Therefore, we can evaluate the latter integral instead.

for some "inside function” v = u(x
Then du = %dx and so
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/cos(2x + 3)dx

/X\/X — bdx

N\

1
d
/ (arccos x)%v/1 — x? *
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Integration by parts

Theorem (Integration by parts)

If u= u(x) and v = v(x) are differentiable functions, then we have the following identity:

/udv:uv—/vdu
/uvldx = uv —/vu/dx

We can write also
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/x3 In xdx

/ e* sin xdx
/In xdx

A,
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Examples

/ X cos xdx

Solution: xsinx + cosx + C
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/x3 In xdx

Solution: %x“ Inx — %x“ +C

/(x2 —2x +5)e *dx

Solution: —e™(x? +5)+ C
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We can use tabular integration for integrals of the form [ f(x) - g(x)dx, if 3pen such, that
f("(x) = 0 provided g is n-times integrable.

Then
/f g(x)dx =

= f(x)GL(x) — F'(x)Ga(x) + F"(x)Ga(x) + ... + (=1)" "D (x)G,(x) + C
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/(x3 — 2x% + 4) sin(x)dx

sign Derivatives Integrals

+ x3—2x> +4 sin x

— | f/(x) =3x% —4x | Gi(x) = —cosx
+ | f'(x)=6x—4 (x) —sinx
— f"(x) =6 G3(x) = cos x
+ f@(x)=0 Ga(x) = sinx

/(x3 — 2x% + 4)sin(x)dx =

(x* — 2x% 4+ 4)(— cos x) — (3x* — 4x)(—sinx) + (6x — 4) cosx — 6sinx + C
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Useful formulae

Edx=In[f(x)|+C, f(x)#0

o [F(x)f(x)dx =" c, neN

f\/f(x_)dx_m/f(x%—C, f(x) >0
o [fldx=—5+C, f(x)#0

Proposition
If [ f(x)dx = F(x) + C, then [ f(ax + b)dx = 1F(ax + b) + C
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Basic formulae

o [tanxdx =In|t|+C

o [cotxdx =—In|t|+ C

o [Ldx=—In|ct +cotx|+C
o [Lodx=In|E +tanx|+C
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Examples
/arctan xdx

Solution: xarctan x — 3 In(1 4 x?) + C

/ eV*dx

Solution: 2y/xeV* — eV* 4 C
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Calculate integrals:
g fX2+5X_1dX

6x3+x2—2x+1
2] = 2); = dx
o fsm x)cosz( )
Q ftan xdx

dx
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Q [(x®+5)3dx

Q [(22x + 11)2"34x
o f\/x—++_\/}dx

Q [ cos(mx +1)dx

O [ cos(4x) cos(7x)dx
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(%) fsin2xdx
Q [sin®(3x)dx
(s ] fmdx
O [ s
o fﬁdx
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O [ = dx
Qfﬁdx
Qf\/ﬁdx
QO [ e dx
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Q [ 61x+13dx
e j‘x ]'dX

3—2cot? x
o cos? x dx
_243x2
(%) X2(1+x2) dx
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fv VI-xEVIER® gy

1x4

e f _ cos2x dx

Cos Xx—sin x

2x+1_5x 1
9 | = —dx

Q [(sin5x — sin5a)dx

M.W. (CNMiKnO PG Gdansk) Indefinite integral (anti-derivative) 2012-2017 30/ 35



Strategy for integrating rational functions

If deg P(x) > deg Q(x), try long division. Then apply the method of partial fractions on

the remainder.
If Q(x) is the product of distinct linear factors, pick partial fractions of the form

A
x—c
If Q(x) contains a repeated linear factor, (x — c)”, pick partial fractions of the form
A A, As A,

x—c (x = ¢)? * (x —c)3 o (x=c)"
If Q(x) contains an unfactorable quadratic g(x) = x? + cx + d, pick a partial fraction of
the form A;(J;)B
If Q(x) contains a repeated unfactorable quadratic g(x)" = (x* 4+ cx + d)", pick partial
fractions of the form
Aix + By Axx + B> Aszx + Bs Apx + B,

q(x) q(x)? gx)® T q(x)"
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Useful identities for simple rational forms:

° faxibdx:%ln|ax+b|+C, a#0

_1 -1
° [ e = T T 6 aA 0 n#l
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15x2 — 4x — 81

PR T R

Solution: 3In|x = 3| +5In|x + 4|+ 7In|x — 1]+ C

x3 — x2 — 2x

/x4—3x2—3x—2dx

Solution: X72+x+|n\x\—%In\x—2|—%|n\x+1|+C
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/2x2—3x+3
= = “dx
x3 —2x2 4+ x

Solution: 3In|x| — 24 —In|x — 1|+ C

X
——d.
/x3+1 X

Solution: —% In|x + 1| + % In(x2 -x+1)+ ? arctan 2’\(/_51 + C

M.W. (CNMiKnO PG Gdansk) Indefinite integral (anti-derivative) 2012-2017



Bibliography

Examples are taken from:

[.A.Maron, Problems In Calculus Of One Variable, Mir Publishers, Moscow 1973

M.W. (CNMiKnO PG Gdansk) Indefinite integral (anti-derivative) 2012-2017 35 /35



	Indefinite integral
	Basic formulae
	Integration by substitution
	Integration by parts
	Strategy for integrating rational functions P(x)Q(x)

