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Definition (Riemann sum)

Let 7: [a,b] — R be a bounded function. For any positive integer n, take n + 1 points in [a, b]
so that
a=xg<x1<Xo<...<Xp_1<xp=>b.

Let
Axj = Xj = Xj—1

and take values
& € [xj—1,x] forj=1,...,n

Then a Riemann sum of f is defined as

Ra(f) = Z f(gj)AXj
=i
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Definition (Definite integral)

Let 7: [a,b] — R be a bounded function. The definite integral of  from a to b, written
b
J f(x)dx, is the limit of the Riemann sum R,(f) as n tends to infinity, if the limit exists. In the

ca)ther words,
b n
/ F(x)dx = lim Ry(f) = lim 2} F(&)Dx
a J=

The function f is called the integrand, and a and b are called the limits of integration. In this
case, we also say that f(x) is integrable.

Theorem (Continuity = Integrability)

If f is a continuous function on [a, b], then f is integrable.
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Proceeding from the definition, compute the integral

1

/ xdx

| O
N

Example

Evaluate the integral
5

I:/\/25—x2dx

0

proceeding from its geometric meaning.

A,

M.W. (CNMiKnO PG Gdansk) Definite integral 2012-2017 6 /15



Proceeding from the geometric meaning of the definite integral, show that

°
/sinxdx =0
°

1
/|x|dx =1
il
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Properties of definite integrals

Theorem (Properties of definite integrals)

Suppose f and g are integrable functions and a, b, and c are real numbers. Then

b a
° !f(x)dx = —[f(x)dx;

(]

c b
f(x)dx = !f(x)dx—l—cff(x)dx;

b
cf (x)dx = c{ f(x)dx;

©
Ve Vi Viso

b b
(f(x) £g(x))dx = }rf(X)dX + ;fg(x)dx.
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The fundamental theorem of calculus - |

Theorem (The fundamental theorem of calculus - )

If f is continuous on the interval [a, b] and

f(x) = F'(x),

then
b

/ F(x)dx = F(b) — F(a).

a
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Evaluate the integral
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Compute the integrals
o
™
/sin 2x dx
0
g s
7
/c.ozx dx
sin® x
4
o
2
[ =
———— dx
) 16 — x?
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Compute the integrals

(%)
V3
/ Va4 — x2 dx
V3

1
1
/\/ﬂldx
0
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Compute the integral
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Average of integral

Theorem (Average of integral)

Suppose f is a continuous function on [a, b], then there is a number ¢ € [a, b] such that

b
f(c) = ﬁ / ik
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The fundamental theorem of calculus - 1l

Theorem (The fundamental theorem of calculus - 1)

Given a continuous function f on [a, b], we define a function G by

G(x) = / F(t)dt for all x € [a, b].

Then G is differentiable and G'(x) = f(x) for all x € (a, b).
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