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Improper integral

De�nition (Improper integrals - �rst kind)

Suppose a

t

∫

a

f (x)dx exists for every t ∈ [a,∞). The improper integral is de�ned by

∞
∫

a

f (x)dx = lim
t→∞

t

∫

a

f (x)dx

If the limit exists, we say that

∞
∫

a

f (x)dx is 
onvergent.

If the limit does not exist, we say that

∞
∫

a

f (x)dx is divergent.
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Improper integral

De�nition

The improper integral

b

∫

−∞
f (x)dx 
an be de�ned similarly.

If both

∞
∫

a

f (x)dx and

a

∫

−∞
f (x)dx are 
onvergent, then we de�ne

∞
∫

−∞

f (x)dx =

a

∫

−∞

f (x)dx +

∞
∫

a

f (x)dx
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Improper integral

Example

1

∞
∫

1

dx

x

4

2

∞
∫

−∞

dx

x

2+2x+2

3

∞
∫

1

x sin xdx
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Exer
ise

1

0

∫

−∞

1

1+ x

2

dx

2

∞
∫

e

2

1

x ln x
dx

3

∞
∫

−∞

2xe

−x

2

dx
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Improper integral

De�nition (Improper integrals - se
ond kind)

If f is 
ontinuous on [a, b) and is dis
ontinuous at b, then

b

∫

a

f (x)dx = lim
t→b

−

t

∫

a

f (x)dx

If f is 
ontinuous on (a, b] and is dis
ontinuous at a, then

b

∫

a

f (x)dx = lim
t→a

+

b

∫

t

f (x)dx

If the limit exists, we say that

b

∫

a

f (x)dx is 
onvergent.

If the limit does not exist, we say that

b

∫

a

f (x)dx is divergent.
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Improper integral

Example

1

1

∫

0

dx√
1−x

2

2

2

∫

1

xdx√
x−1

3

1

∫

0

dx

x ln x

4

2

∫

0

dx

x ln2 x
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Exer
ise

1

1

∫

0

1

5

√
x

3

dx

2

π

2

∫

0

tan xdx

3

2

∫

1

1

√
4x − x

2 − 3

dx

4

1

∫

−1

1

x

3

√
x

dx
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Comparison test

Theorem

Let f and g be de�ned for all x ≥ a and integrable on ea
h interval [a,A], A ≥ a.

If 0 ≤ f (x) ≤ g(x) for all x ≥ x, then from 
onvergen
e of the integral

∞
∫

a

g(x)dx it

follows that the integral

∞
∫

a

f (x)dx is also 
onvergent, and

∞
∫

a

f (x)dx ≤
∞
∫

a

g(x)dx;

from divergen
e of the integral

∞
∫

a

f (x)dx it follows that the integral

∞
∫

a

g(x)dx is also

divergent.
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Comparison test

Theorem

∞
∫

1

1

x

α
dx =

{

divergant for α ∈ (0, 1]

onvergant for α > 1

Theorem

1

∫

0

1

x

α
dx =

{


onvergant for α ∈ (0, 1)
divergant for α ≥ 1
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Area between 
urves

If f and g are integrable on [a, b] and

f (x) ≥ g(x) for x ∈ [a, b],

then the area of the region R between the 
urves y = f (x) and y = g(x) and the verti
al lines

x = a and x = b is given as

Area of R =

b

∫

a

(f (x)− g(x))dx
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Area between 
urves
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Area between 
urves

Example

Compute the area of the �gure bounded by the straight lines x = 0, x = 2 and the 
urve

y = 2

x

, y = 2x − x

2

.

Example

Compute the area of the �gure bounded by the parabolas x = −2y

2

, x = 1− 3y

2
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Area between 
urves

Example

Compute the area of the �gure bounded by the straight lines x = 0, x = 2 and the 
urve

y = 2

x

, y = 2x − x

2

.

Answer:

3

ln 2
− 4

3

Example

Compute the area of the �gure bounded by the parabolas x = −2y

2

, x = 1− 3y

2
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Area between 
urves

Example

Compute the area of the �gure bounded by the straight lines x = 0, x = 2 and the 
urve

y = 2

x

, y = 2x − x

2

.

Answer:

3

ln 2
− 4

3

Example

Compute the area of the �gure bounded by the parabolas x = −2y

2

, x = 1− 3y

2

Answer:

4

3
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Area between 
urves

Example

Find the area of the �gure 
ontained between the parabola x

2 = 4y and the wit
h of Agnesi

y = 8

x

2+4

.

Example

Compute the area of the �gure whi
h lies in the �rst quadrant inside the 
ir
le x

2 + y

2 = 3 and

is bounded by the parabolas x

2 = 2y and y

2 = 2x
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Area between 
urves
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Area between 
urves

Example

Find the area of the �gure 
ontained between the parabola x

2 = 4y and the wit
h of Agnesi

y = 8

x

2+4

.

Answer: 2π − 4

3

Example

Compute the area of the �gure whi
h lies in the �rst quadrant inside the 
ir
le x

2 + y

2 = 3 and

is bounded by the parabolas x

2 = 2y and y

2 = 2x

Answer:

√
2

3

+ 3

2

arcsin 1

3
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Solid of Revolution

Suppose f (x) is a 
ontinuous non-negative fun
tion for x ∈ [a, b]. If D is the solid obtained by

rotating the graph of y = f (x) about the x�axis, then the volume of D is given by

Volume of D = π

b

∫

a

(f (x))2dx
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Volume of Solid of Revolution

Example

Compute the volume of the solid generated by revolting about the x-axis the �gure bounded by

the parabola y = 0.25x2 + 2 and the straight line 5x − 8y + 14 = 0

Example

Compute the volume of the solid generated by revolting about the y -axis the �gure bounded by

the parabolas y = x

2

and 8x = y

2
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Volume of Solid of Revolution

Example

Compute the volume of the solid generated by revolting about the x-axis the �gure bounded by

the parabola y = 0.25x2 + 2 and the straight line 5x − 8y + 14 = 0

Answer:

891

1280

π

Example

Compute the volume of the solid generated by revolting about the y -axis the �gure bounded by

the parabolas y = x

2

and 8x = y

2
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Volume of Solid of Revolution

Example

Compute the volume of the solid generated by revolting about the x-axis the �gure bounded by

the parabola y = 0.25x2 + 2 and the straight line 5x − 8y + 14 = 0

Answer:

891

1280

π

Example

Compute the volume of the solid generated by revolting about the y -axis the �gure bounded by

the parabolas y = x

2

and 8x = y

2
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Volume of Solid of Revolution

Example

Compute the volume of the solid generated by revolting about the x-axis the �gure bounded by

the parabola y = 0.25x2 + 2 and the straight line 5x − 8y + 14 = 0

Answer:

891

1280

π

Example

Compute the volume of the solid generated by revolting about the y -axis the �gure bounded by

the parabolas y = x

2

and 8x = y

2

Answer:

24

5

π
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Ar
 length of a 
urve

Let f is a 
ontinuously di�erentiable fun
tion on [a, b]. The ar
 length of the 
urve y = f (x)
from a to b is given by

Ar
 length =

b

∫

a

√

1+ (f ′(x))2dx
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Ar
 length of a 
urve

Example

Compute the length of the ar
 of the semi
ubi
al parabola y

2 = x

3

between the points (0, 0)
and (4, 8)

Example

Compute the ar
 length of the 
urve y = ln cos x between the points with the abs
issas x = 0,

x = π

4
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Ar
 length of a 
urve

Example

Compute the length of the ar
 of the semi
ubi
al parabola y

2 = x

3

between the points (0, 0)
and (4, 8)

Answer:

8

27

(10
√
10− 1)

Example

Compute the ar
 length of the 
urve y = ln cos x between the points with the abs
issas x = 0,

x = π

4
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Ar
 length of a 
urve

Example

Compute the length of the ar
 of the semi
ubi
al parabola y

2 = x

3

between the points (0, 0)
and (4, 8)

Answer:

8

27

(10
√
10− 1)

Example

Compute the ar
 length of the 
urve y = ln cos x between the points with the abs
issas x = 0,

x = π

4

Answer: ln tan 3π

8
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Area of a surfa
e of Revolution

Suppose f (x) is a 
ontinuous non-negative fun
tion for x ∈ [a, b]. If S is the surfa
e obtained

by rotating the graph of y = f (x) about the x�axis, then the area of the surfa
e of revolution

is given by

Area of Surfa
e S = 2π

b

∫

a

f (x)
√

1+ (f ′(x))2dx
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Area of a surfa
e of Revolution

Example

Compute the area of the surfa
e formed by revolting y = sin x , 0 ≤ x ≤ π about the x-axis.
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