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What are Di�erential equations

De�nition

Di�erential equation A di�erential equation is an equation that relates in a nontrivial manner

an unknown fun
tion and one or more of the derivatives or di�erentials of the unknown

fun
tion with respe
t to one or more independent variables.

F (x , y , y ′, . . . , y (n)) = 0 (1)
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Classi�
ation of Di�erential Equations

Di�erential equations are 
lassi�ed in several di�erent ways:

ordinary or partial

linear or nonlinear

homogeneous or nonhomogeneous

autonomous or nonautonomous

�rst order, se
ond order, ..., n th-order

De�nition

The order of a di�erential equation is the order of the highest derivative that appears

(non-trivially) in the equation.
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A di�erential equation is an ordinary di�erential equation if the only derivatives of the

unknown fun
tion are ordinary derivatives.

A di�erential equation is a partial di�erential equation if the only derivatives of the

unknown fun
tion are partial derivatives.

Example (Ordinary di�erential equations)

dx
xt

= 1+ x2 (�rst-order, nonlinear)

d2x
dt2

+ x = 3 cos(t) (se
ond-order, linear, nonhomogeneous)

d3y

dx3
= 3

d2y

dx2
− 5y = 0 (third-order, linear, homogeneous)
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Ordinary di�erential equations

De�nition (An Ordinary Di�erential Equation)

An ordinary di�erential equation of the n-th order is the equation of the form

F (x , y(x), y ′(c), . . . , y (n)(c)) = 0 (2)

where sought-for fun
tion is the fun
tion

y : [a, b] → R
d

ful�lling 
ondition (2) where

F : [a, b]× R
d × . . .× R

d

︸ ︷︷ ︸

n+1

→ R
k

is at least 
ontinuous.
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If k = d and one 
an solve F for y (n)(x) then the equation (2) takes the form

y (n) = f (x , y(x), . . . , y (n−1)(x)) (3)

where

f : [a, b]× R
d × . . .× R

d

︸ ︷︷ ︸

n

→ R
d .
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Solution of Di�erential Equations

De�nition

To say that y = g(x) is a solution of the di�erential equation

F (x , , y , y ′(x), . . . , y (n)(x)) = 0

on the interval [a, b] means that

F (x , g(x), g ′(x), . . . , g (n)(x)) = 0

for every 
hoi
e of x in an interval [a, b]

In other words, a solution, when substituted into the di�erential equation makes the equation

identi
ally true for x ∈ [a, b]
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De�nition

A graph of a solution of di�erential equation is 
alled an integral 
urve of the equation.

Figure: Ve
tor �eld

M.W. (CNMiKnO PG Gda«sk) Introdu
tion 2011-2017 10 / 40



The Cau
hy problem (the initial value problem)

The Cau
hy problem is a problem of �nding the solution y = y(x) of the equation

F (x , y(x), y ′(x), . . . , y (n)) = 0

satisfying the initial 
ondition







y(x
0

) = y
0

,

y ′(x) = y
1

,
.

.

.

y (n−1) = yn−1

,

where x
0

∈ (a, b) and y
0

, y
1

, . . . , yn−1

some 
onstants.
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First order di�erential equation

The general form of an equation of the �rst order is

F (x , y(x), y ′(x)) = 0 (4)

If the equation (4) 
an be solved for y ′(x) then one has

y ′(x) = f (x , y(x))

an equation of the �rst order solved for the derivative.
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The Cau
hy problem (the initial value problem)

The Cau
hy problem is a problem of �nding the solution y = y(x) of the equation

y ′(x) = f (x , y(x))

satisfying the initial 
ondition

y(x
0

) = y
0

.

Geometri
ally this means that an integral 
urve passing through a given point M
0

(x
0

, y
0

) in the

xOy plane is sought.
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Existen
e and Uniqueness of a Solution

Existen
e says that there is at least one solution.

Uniqueness says that there is at most one solution
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Theorem

Let a di�erential equation

y ′(t) = f (x , y) (5)

be given, where the fun
tion f (x , y) is determined in some domain D in the xOy plane


ontaining a point (x
0

, y
0

). If the fun
tion f (x , y) is a 
ontinuous and bounded fun
tion in the

domain D, then through ea
h internal point (x
0

, y
0

) of the domain passes at least one integral


urve of the equation (5)
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De�nition

A 
ontinuous fun
tion

f : [a, b]× G → R
d ,

where G ⊂ R is said to satisfy a Lips
hitz 
ondition in y if there is a 
onstant L (a Lips
hitz


onstant) su
h that

∀x∈[a,b]∀y ,z∈G ||f (x , y)− f (x , z)|| ≤ L||y − z ||
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Example

Let

f : [a, b]× G → R
d

be a C 1

-fun
tion (G is a 
onvex set) su
h that

sup
x ,y

||
∂f (x , y)

∂y
|| = L < +∞

Then by Lagrange mean theorem one has

||f (x , y)− f (x , z)|| ≤ ||y − z || sup
0≤θ≤1

|
∂

∂y
f (x , y + θ(y − z))||

≤ L||x − y ||
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Theorem

Let

f : [a, b]× G → R
d

(G ⊂ R
d
) be 
ontinuous and satisfy a Lips
hitz 
ondition in y with the 
onstant L, then the

initial value problem y ′(x) = f (x , y), y(x
0

) = y
0

, y
0

∈ G has a unique solution.
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Equation not 
ontaining sought-for fun
tion

It is an equation of the form

y ′ = f (x) (6)

where f is de�ned on an interval I ⊂ R.

If f is 
ontinuous fun
tion on I , then the form of general solution is

y(x) =

∫

f (x)dx (7)

The solution of initial problem

{
y ′ = f (x)
y(x

0

) = y
0

(8)

has the form

y = ϕ(x) = y
0

+

x∫

x
0

f (t)dt
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Example

Example

Solve the equation

y ′ = 3x2 + 4x − 1+ ex

y =

∫

(3x2 + 4x − 1+ ex )dx = x3 + 2x2 − x + ex + C
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Equation not 
ontaining independent variable

It is an equation of the form

y ′ = g(y) (9)

where g is de�ned on an interval J ⊂ R.

Let us note, that if y
0

∈ J is a root of a fun
tion g i.e. g(y
0

) = 0 then y(x) = y
0

is a spe
i�


solution of the equation (9). If the fun
tion g is not equal zero in the interval J than

dx

dy
=

1

g(y)
(10)

is an equation not 
ontaining sought-for fun
tion x = x(y).
If g is 
ontinuous fun
tion on J, then the form of general solution is

x(y) =

∫
1

g(y)
dy (11)
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Example

Example

Solve an initial value problem

y ′ = 1+ y2, y(
π

2

) = 1
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Equations with variables separable

De�nition

A di�erential equation of the form

ϕ(y)dy = f (x)dx (12)

is 
alled an equation with separated variables.

An equation of the form

ϕ
1

(x)ψ
1

(y)dx = ϕ
2

(x)ψ
2

(y)dy (13)

in whi
h 
oe�
ients of the di�erentials are fa
tors depending on x alone and on y alone is


alled an equation with variables separable.
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Dividing the above equation by the produ
t ψ
1

(y)ϕ
2

(x) redu
es it to an equation with

separated variables.

ϕ
1

(x)

ϕ
2

(x)
dx =

ψ
2

(y)

ψ
1

(y)
dy (14)

Remark

Dividing by the produ
t ψ
1

(y)ϕ
2

(x) may lead to the loss of parti
ular solutions making the

produ
t ψ
1

(y)ϕ
2

(x) zero.
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Proposition

A di�erential equation of the form

dy

dx
= f (ax + by + c) (15)

where a, b 6= 0, c are 
onstants, f is 
ontinuous fun
tion, is 
onverted into an equation with

variables separable by the substitution of the variables

u = ax + by + c (16)
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Proof.

From equation (16) we get

du

dx
= a + b

dy

dx

thus

dy

d
x =

1

b

(
du

dx
− a

)

and

du

dx
= a + bf (u)

Eventually

du

a + bf (u)
= dx
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Example 1

Example

Solve the equation

3ex tan ydx + (2− ex )
1

cos2 y
dy = 0
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Example 1

Example

Solve the equation

3ex tan ydx + (2− ex )
1

cos2 y
dy = 0

Solution

tan y = C (2− ex)3
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Example 2

Example

Find a parti
ular solution of the equation

(1+ ex )yy ′ = ex

satisfying the initial 
ondition y(0) = 1.
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Example 2

Example

Find a parti
ular solution of the equation

(1+ ex )yy ′ = ex

satisfying the initial 
ondition y(0) = 1.

Solution

y =

√

1+ ln

(
1+ ex

2

)
2
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Example 3

Example

Find a parti
ular solution of the equation

y ′ sin x = y ln y

satisfying the initial 
ondition y(π
2

) = e.
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Example 3

Example

Find a parti
ular solution of the equation

y ′ sin x = y ln y

satisfying the initial 
ondition y(π
2

) = e.

Solution

y = etan(
x
2

)
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Example 4

Example

Find the 
urve passing through the point (0,−2) su
h that the slope of the tangent at any of

its points is equal to the ordinate of that point in
reased by 3.
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Example 4

Example

Find the 
urve passing through the point (0,−2) su
h that the slope of the tangent at any of

its points is equal to the ordinate of that point in
reased by 3.

Solution

y = ex − 3
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Exer
ises

Integrate the following equations:

1 (1+ y2)dx + xydy = 0

2 e−y (1+ y ′) = 1

3 y ′ = sin(x − y)

4 y + xy ′ = a(1+ xy), y(1
a
) = −a

5 tan y ′ = 0
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Linear equations of the �rst order

De�nition

A linear equation of the �rst order is an equation linear in an unknown fun
tion and its

derivative. It is of the form

dy

dx
+ p(x)y = q(x) (17)

where p(x) and q(x) are given fun
tions of x 
ontinuous in the range in whi
h it is required to

integrate equation (17)
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Homogeneous linear equation

De�nition

If q(x) ≡ 0 then the equation

dy

dx
+ p(x)y = 0 (18)

is 
alled a homogeneous linear equation.

The general solution of equation (18) is of the form

y = Ce−
∫
p(x)dx

(19)
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Homogeneous linear equation

Theorem

If the fun
tion p(x) is 
ontinuous in (a, b), then y = Ce−
∫
p(x)dx

is the general solution of the

homogeneous equation

dy
dx

+ p(x)y = 0. Moreover there exists unique solution satisfying initial


ondition y(x
0

) = y
0

, where (x
0

, y
0

) ∈ {(x , y); x ∈ (a, b) ∧ y ∈ (−∞,+∞)}.
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Variation of an arbitrary 
onstant

One of the methods of solving linear equations of the �rst order is the method of variation of

an arbitrary 
onstant whi
h 
onsists in �nding the solution of equation (17) in the form

y = C (x)e−
∫
p(x)dx

(20)

where C (x) is a new unknown fun
tion of x .
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Algorithm

If the di�erential equation is given as

a(x)y ′ + b(x)y = c(x)

rewrite it in the form

dy

dx
+ p(x)y = q(x)

where p(x) = b(x)
a(x) , q(x) =

c(x)
a(x)

Find the solution of homogeneous linear equation

dy

dx
+ p(x)y = 0

i.e.

y = u(x) = Ce−
∫
p(x)dx
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Algorithm

Evaluate the integral

C (x) =

∫
q(x)

e−
∫
p(x)dx

dx (21)

We get the above integral by substituting y and y ′ in the equation (17) by C (x)e−
∫
p(x)dx

and its derivative.

Write down the general solution

y = u(x) + C (x)e−
∫
p(x)dx

(22)

If you are given an initial 
ondition, use the initial 
ondition to �nd the 
onstant C .
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Example

Example

Solve the equation

y ′ + xy = 2xe−x2
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Example

Example

Solve the equation

y ′ + xy = 2xe−x2

Solution

y(x) = x2e−x2 + Ce−x2
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Example

Remark

It may turn out that the di�erential equation is linear in x as a fun
tion of y .

Example

Solve the equation

dy

dx
=

1

x cos y + sin 2y
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Example

Remark

It may turn out that the di�erential equation is linear in x as a fun
tion of y .

Example

Solve the equation

dy

dx
=

1

x cos y + sin 2y

Solution

x = Cesin y − 2(1+ sin y)
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Exer
ises

1 xy ′ − 2y = x3 cos x ,

2 y ′ + y cos x = cos x , y(0) = 1,

3 y ′ − yex = 2xee
x
,

4 y ′ + xexy = e(1−x)ex
.
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