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The Bernoulli equation
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The Bernoulli equation

De�nition

The Bernoulli equation is an equation of the form

dy

dx
+ p(x)y = q(x)yn (1)

where p(x) and q(x) are given fun
tions of x 
ontinuous in the range in whi
h it is required to

integrate equation (1) n 6= 0, 1 (for n = 0, 1 the equation is linear).
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By the substitution z = 1

yn−1

the Bernoulli equation 
an be redu
ed to a linear form and

integrated as a linear equation.
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Example

Solve the equation

y ′ − xy = −xy3
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Example

Solve the equation

y ′ − xy = −xy3

Solution

y2(1+ Ce−x
2

) = 1
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Example

Solve the equation

xy ′ + y = y2 ln x

by the methods of variation of a 
onstant.
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Example

Solve the equation

xy ′ + y = y2 ln x

by the methods of variation of a 
onstant.

Solution

y =
1

1+ Cx + ln x
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Substitution of variables may redu
e some nonlinear equations of the �rst order to linear or

Bernoulli equations.

Example

Solve the equation

y ′ + sin y + x cos y + x = 0

Hint: use identities sin 2y = 2 sin y cos y , cos 2y = 2 cos2 y − 1 and then substitution tan y

2

= z .
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Substitution of variables may redu
e some nonlinear equations of the �rst order to linear or

Bernoulli equations.

Example

Solve the equation

y ′ + sin y + x cos y + x = 0

Hint: use identities sin 2y = 2 sin y cos y , cos 2y = 2 cos2 y − 1 and then substitution tan y

2

= z .

Solution

tan
y

2

= 1− x + Ce−x
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Exer
ises

1 y ′ + 2xy = 2xy2,

2

3xy2y ′ − 2y3 = x3,

3 (x3 + ey )y ′ = 3x2,

4

2y ′ ln x + y

x
= y−1 cos x .
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Exer
ises

By substituting the variable redu
e the following nonlinear equation to linear or Bernoulli

equations and solve them

1 y ′ − tan y = ex 1

cos y
,

2 y ′ = y(ex + ln y),

3 y ′ cos y + sin y = x + 1,

4 yy ′ + x sin 2y = 2xe−x
2

cos2 y .
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