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1

Linear di�erential equations of the n-th order

2

Homogeneous linear equations with 
onstant 
oe�
ients.

3

Nonhomogeneous linear equations with 
onstant 
oe�
ients.

4

Linear di�erential equations with variable 
oe�
ients.
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Linear independen
e of fun
tions

Let y
1

(x), y
2

(x), . . . , yn(x) be a �nite system of n fun
tions de�ned on the interval (a, b). The
fun
tions are said to be linearly dependant in the interval (a, b) if there exist 
onstants

α
1

, α
2

, . . . , αn not all equal zero, su
h that for all values of x in this interval the identity

α
1

y
1

(x) + α
2

y
2

(x) + . . .+ αnyn(x) = 0

is valid.

If identity holds only for α
1

= α
2

= . . . = αn = 0 then the fun
tions y
1

(x), y
2

(x), . . . , yn(x) are
said to be linearly independent in the interval (a, b)
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Examples of linearly independent fun
tions

Example

Show that fun
tions 1, x , x2, x3 are linearly independent in (−∞,+∞)

Example

Show that the system of fun
tions ek1x , ek2x , ek3x , where k
1

, k
2

, k
3

are pairwise di�erent, is

linearly independent in (−∞,+∞).

Example

Show that the system of fun
tions eαx sinβx , eαx cos βx , where β 6= 0 is linearly independent

in (−∞,+∞).
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Remark

Fun
tions ϕ
1

(x) and ϕ
2

(x) are linearly independent in the interval (a, b) if their ratio is not


onstant in that interval.

M.W. (CNMiKnO PG Gda«sk) Linear equations of higher order 2013-2018 5 / 35



Wronskian determinant

De�nition

Let n fun
tions have derivatives of the (n − 1)th order The determinant

W [y
1

, y
2

, . . . , yn] =

∣∣∣∣∣∣∣∣∣

y
1

(x) y
2

(x) . . . yn(x)
y ′
1

(x) y ′
2

(x) . . . y ′n(x)

. . .
.

.

. . . . . . .

y
(n−1)
1

(x) y
(n−1)
2

(x) . . . y
(n−1)
n (x)

∣∣∣∣∣∣∣∣∣

is 
alled the Wronskian determinant.

It is in general a fun
tion of x de�ned in some interval.
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Theorem

If a system of fun
tions y
1

(x), y
2

(x), . . . , yn(x) is linearly dependent in the interval [a, b] then
its Wronskian is identi
ally equal to zero in this interval.
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Gramian

Let y
1

(x), y
2

(x), . . . , yn(x) be a system of fun
tions given in the interval [a, b].
We set

(yi , yj) =

b∫

a

yi(x)yj (x)dx , i , j = 1, . . . , n
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Gramian

De�nition

The determinant

Γ(y
1

, . . . , yn) =

∣∣∣∣∣∣∣∣∣

(y
1

, y
1

) (y
1

, y
2

) . . . (y
1

, yn)
(y

2

, y
1

) (y
2

, y
2

) . . . (y
2

, yn)

. . .
.

.

. . . . . . .

(yn, y1) (yn, y2) . . . (yn, yn)

∣∣∣∣∣∣∣∣∣

is 
alled the Gramian of the system of fun
tions y
1

(x), y
2

(x), . . . , yn(x).

Theorem

For a system of fun
tions y
1

(x), y
2

(x), . . . , yn(x) to be linearly dependent it is ne
essary and

su�
ient that its Gramian should be zero.

M.W. (CNMiKnO PG Gda«sk) Linear equations of higher order 2013-2018 9 / 35



Homogeneous linear equations with 
onstant 
oe�
ients.

De�nition

The di�erential equation of the form

a
0

y (n) + a
1

y (n−1) + . . . + any = 0, (1)

where a
0

, a
1

, . . . , an are real 
onstants and a
0

6= 0 is 
alled homogeneous linear equations with


onstant 
oe�
ients.
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Algorithm of �nding general solution

1

Set up for equation (1) the 
hara
teristi
 equation

a
0

λn + a
1

λn−1 + . . . + an = 0 (2)

2

Find the roots λ
1

, λ
2

, . . . , λn of the 
hara
teristi
 equation

3

Write out linearly independent parti
ular solutions of the di�erential equation (1) taking

into a

ount that
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a) 
orresponding to ea
h real single root λ of the 
hara
teristi
 equation is a parti
ular

solution y = eλx

b) 
orresponding to ea
h single pair of 
omplex 
onjugate roots λ
1

= α+ iβ, λ
2

= α− iβ of

the 
hara
teristi
 equation are two parti
ular solutions y = eαx cos βx , y = eαx sinβx

M.W. (CNMiKnO PG Gda«sk) Linear equations of higher order 2013-2018 12 / 35




) 
orresponding to ea
h real root λ of multipli
ity s of the 
hara
teristi
 equation are s

linearly independent parti
ular solutions

y = eλx , y = xeλx , y = x2eλx , . . . , y = xs−1eλx

d) 
orresponding to ea
h pair of 
omplex 
onjugate roots λ
1

= α+ iβ, λ
2

= α− iβ of

multipli
ity s of the 
hara
teristi
 equation are 2s parti
ular solutions

y = eαx cos βx , y = xeαx cos βx , . . . , y = xs−1eαx cos βx

y = eαx sinβx , y = xeαx sinβx , . . . , y = xs−1eαx sinβx
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The number of parti
ular solutions of the di�erential equations (1) thus 
onstru
ted is equal to

the order of the equation.

All the solutions 
onstru
ted are linearly independent in the aggregate an make up the

fundamental system of the di�erential equation (1)
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Example

Example

y ′′′ − 2y ′′ − 3y ′ = 0
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Example

Example

y ′′′ − 2y ′′ − 3y ′ = 0

Result

y = C
1

+ C
2

e−x + C
3

e3x
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Example

Example

y (5) − 2y (4) + 2y ′′′ − 4y ′′ + y ′ − 2y = 0
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Example

Example

y (5) − 2y (4) + 2y ′′′ − 4y ′′ + y ′ − 2y = 0

Result

y = C
1

e2x + (C
2

+ C
3

x) cos x + (C
4

+ C
5

x) sin x
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Exer
ises

1

3y ′′ − 2y ′ − 8y = 0

2

3y ′′′ − 3y ′′ + y ′ − y = 0, y(0) = 1, y ′(0) = 2, y ′′(0) = 3

3 y ′′ − 2y ′ − 2y = 0

4 y (6) + 2y (5) + y (4) = 0

5 y ′′′ − 8y = 0

6 y ′′′ − 2y ′′ + 2y ′ = 0

7 y (4) − y = 0
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Nonhomogeneous linear equations with 
onstant 
oe�
ients

Let

a
0

y (n) + a
1

y (n−1) + . . .+ any = f (x), (3)

where a
0

, a
1

, . . . , an are real 
onstants and a
0

6= 0.

Theorem

The general solution of the nonhomogeneous equation (3) is equal to the sum of the general

solution of the 
orresponding homogeneous equation and some parti
ular solution of the

nonhomogeneous equation.

In the general 
ase equation (3) 
an be integrated using the method of variation of arbitrary

parameters.
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The trial and error method

For the right-hand side of spe
ial form the parti
ular solution is easer to �nd by so-
alled trial

and error method. We use that method when

f (x) = eαx [Pl (x) cos βx +Qm sinβx ],

where Pl(x) and Qm(x) being polynomials of degree l and m respe
tively. The parti
ular

solution is of the form

yps = xseαx [P̃k(x) cos βx + Q̃k(x) sin βx ],

where k = max(m, l), P̃k(x), Q̃k(x) are polynomials of the kth degree, s is multipli
ity of th

root λ = α+ βi of the 
hara
teristi
 equation. If λ is not the root of 
hara
teristi
 equation

then s = 0.
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Example

Example

y ′′′ − y ′′ + y ′ − y = x2 + x

M.W. (CNMiKnO PG Gda«sk) Linear equations of higher order 2013-2018 20 / 35



Example

Example

y ′′′ − y ′′ + y ′ − y = x2 + x

Result

y = C
1

ex + C
2

cos x + C
3

sin x − x2 − 3x − 1
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Example

Example

y ′′ + 3y ′ + 2y = x sin x
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Example

Example

y ′′ + 3y ′ + 2y = x sin x

Result

y = C
1

e−x + C
2

e−2x + (−
3

10

x +
17

50

) cos x + (
1

10

x +
3

25

) sin x
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The superposition prin
iple

Theorem

If yk(x) is a solution of the equation

a
0

(x)y (n) + a
1

(x)y (n−1) + . . .+ an(x)y = fk(x), (4)

k = 1, 2, . . . ,m, then the fun
tion

y(x) =

m∑

k=1

yk(x)

is a solution of the equation

a
0

(x)y (n) + a
1

(x)y (n−1) + . . . + an(x)y =

m∑

k=1

fk(x) (5)
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Exer
ises

1 y ′′ + 3y ′ = 3

2 y ′′ − 7y ′ = (x − 1)2

3 y ′′ + 25y = cos 5x

4 y ′′ + y = sin x − cos x

5 y ′′ − y ′ − 2y = 4x − 2ex
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Depression of order

If one knows the parti
ular solution y
1

(x) of the equations

y (n) + p
1

(x)y (n−1) + . . . + pn(x) = 0 (6)

then one 
an depress its order by one (without the loss of linearity of the equation) by

substitution

u =

(
y

y
1

)
′

If one knows k parti
ular linearly independent solutions of equation (6), one 
an depress the

order of the equations of k units.
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y (n) + p
1

(x)y (n−1) + . . .+ pn(x) = f (x) (7)

Theorem

The general solution of the nonhomogeneous equation (7) is equal to the sum of the general

solution of the 
orresponding homogeneous equation and some parti
ular solution of the

nonhomogeneous equation.

If the fundamental system of 
orresponding homogeneous equation (6) is known, then it is

possible to �nd the general solution of the nonhomogeneous equation (7) by the method of

variation of parameters (the Lagrange method)
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The general solution of equation (6) is of the form

y = C
1

y
1

+ C
2

y
2

+ . . .+ Cnyn

where C
1

,C
2

, . . . ,Cn being arbitrary 
onstants.

We shall seek the solution of equation (7) in the form

y = C
1

(x)y
1

+ C
2

(x)y
2

+ . . . + Cn(x)yn

where C
1

(x),C
2

(x), . . . ,Cn(x) some yet unknown fun
tions of x .
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Theorem





y
1

C ′

1

+ y
2

C ′

2

+ . . . ynC
′

n = 0,

y ′
1

C ′

1

+ y ′
2

C ′

2

+ . . . y ′nC
′

n = 0,
.

.

.

y
(n−1)
1

C ′

1

+ y
(n−1)
2

C ′

2

+ . . . y
(n−1)
n C ′

n = f (x).

(8)

Resolving the above system for Ci (x), i = 1, 2, . . . , n we get

dCi

dx
= ϕi (x), i = 1, 2, . . . , n

when
e

Ci (x) =

∫
ϕi (x)dx + C̃i , i = 1, 2, . . . , n, (9)

where C̃i are arbitrary 
onstants.
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Se
ond order equations

In parti
ular, for the se
ond order equations

y ′′ + p
1

(x)y ′ + p
2

(x)y = f (x). (10)

the system (8) takes form {
y
1

C ′

1

+ y
2

C ′

2

= 0,

y ′
1

C ′

1

+ y ′
2

C ′

2

= f (x).
(11)
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Solving (11) for C ′

1

and C ′

2

we get

C ′

1

= −
y
2

f (x)

W [y
1

, y
2

]
, C ′

2

=
y
1

f (x)

W [y
1

, y
2

]
,

where W [y
1

, y
2

] = y
1

y ′
2

− y
2

y ′
1

. Finally

C
1

(x) = −

∫
y
2

f (x)

W [y
1

, y
2

]
dx + C̃

1

, (12)

C
2

(x) =

∫
y
1

f (x)

W [y
1

, y
2

]
dx + C̃

2

. (13)
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Remark

For the equation

a
0

(x)y ′′ + a
1

(x)y ′ + a
2

(x)y = f (x),

where a
0

(x) 6≡ 1, a
0

(x) 6= 0 system (11) will look thus

{
y
1

C ′

1

+ y
2

C ′

2

= 0,

y ′
1

C ′

1

+ y ′
2

C ′

2

= f (x)
a
0

(x) .
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Example 1

Example

Find the general solution of the equation

xy ′′ + 2y ′ + xy = 0

if

y
1

=
sin x

x

is its parti
ular solution.
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Example 1

Example

Find the general solution of the equation

xy ′′ + 2y ′ + xy = 0

if

y
1

=
sin x

x

is its parti
ular solution.

Result: y = C
1

cos x
x

+ C
2

sin x
x
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Example 2

Example

Find the general solution of the equation

y ′′ +
2

x
y ′ + y =

1

x
, x 6= 0
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Example 2

Example

Find the general solution of the equation

y ′′ +
2

x
y ′ + y =

1

x
, x 6= 0

Result: y = C
1

sin x
x

+ C
2

cos x
x

+ 1

x

M.W. (CNMiKnO PG Gda«sk) Linear equations of higher order 2013-2018 32 / 35



Example 3

Example

Find the general solution of the equation

y ′′ + y =
1

cos x
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Example 3

Example

Find the general solution of the equation

y ′′ + y =
1

cos x

Result: y = C
1

sin x + C
2

cos x + cos x ln | cos x |+ x sin x
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Example 4

Example

Given the fundamental system of solutions

y
1

= ln x , y
2

= x ,

of the 
orresponding homogeneous equation �nd the parti
ular solution of the equation

x2(1− ln x)y ′′ + xy ′ − y =
(1− ln x)2

x
, x 6= 0

satisfying the 
ondition

lim
x→+∞

y = 0
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Example 4

Example

Given the fundamental system of solutions

y
1

= ln x , y
2

= x ,

of the 
orresponding homogeneous equation �nd the parti
ular solution of the equation

x2(1− ln x)y ′′ + xy ′ − y =
(1− ln x)2

x
, x 6= 0

satisfying the 
ondition

lim
x→+∞

y = 0

Result: g.s. y = C
1

ln x + C
2

x + 1−2 ln x
4x

, p.s. y = 1−2 ln x
4x
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Exer
ises

1 (2x + 1)y ′′ + (4x − 2)y ′ − 8y = 0, y
1

= emx
,

2 (3x + 2x3)y ′′ + (1+ x)y ′ + 6y = 6, y
1

is a polynomial,

3 y ′′ + y ′ + e−2xy = e−3x , y
1

= cos e−x
,

4 y ′′ + y = 1

sin x

5 y ′′ − 2y ′ + y = ex

x2 sin x
,

6 xy ′′ − 1

1+2x2
y ′ = 4x3ex

3

.
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