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@ Sets on plane, in 3D and R”

@ Functions of Two and Three Variables

© Partial Derivatives
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Definition (plane, space, R")
R?={(x,y); xy€R}
R®={(x,y,2); x,y,z€R}
R" ={(x1,x2,...,xn); xi €R,i=1,2 ... n}

Definition (distance of points)

d(P1, P2) = [P1Po| = \/ (o = x1)2 + (2 — 11)?

d(P1,P2) = |P1P>| = \/(Xz —x1)2+ (2 —n)?+ (22— z1)?

d(P1, P2) = |P1P2| = \/(J/1 =12+ (2 — )2 + ... + (Vn — Xn)?
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Definition (open ball)

The open (metric) ball of radius r > 0 centred at a point Py is defined by
B(Po,r) ={P: d(P,Py)<r}

In R? an open ball is an open disk.

Definition (neighbourhood)

A set V is a neighbourhood of a point P if there exists an open ball with centre P and radius
r >0, such that B(P,r) = {x € R" | d(x, P) < r} is contained in V.

A\

Definition (punctured neighbourhood)

A punctured neighbourhood of a point P (sometimes called a deleted neighbourhood) is a
neighbourhood of P, without {P}.
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Definition (bounded set)

If exists Pp and a number r > 0 such that the set A is contained in the ball B(Py, r), then the
set A is called bounded set.
In the opposite case the set A is called unbounded.

Definition (Interior point of a set, Interior of a set)

If there exists an open ball with centre P contained in the set A, then P is called interior point
of the set A.
The set of all interior point of the set is called the interior of the set.
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Definition (open set)

If every point of a set is its interior point, then the set is called an open set.

Definition (boundary)

If every ball with centre P contains points belonging to the set A and points not belonging to
the set (belonging to the complement of the set A), then P is called a boundary point of the

set A.
The set of all boundary points is called the boundary of a set.
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Definition (closed set)

If a set contains its boundary then it is called a closed set.

Definition (domain, closed domain)

Nonempty subset of R” is called a domain, if:
Q it is open
@ cannot be represented as the union of two or more disjoint nonempty open sets

A domain with its boundary is called a closed domain.

M.W. (CNMiKnO PG Gdafisk) Lecture 2013-2017 7 /33



Definition (Functions of Two Variables)

Let A C R2. A function f of two variables is a rule that assigns to each ordered pair (x,y) in A
a unique real number denoted by f(x, y). The set A is called the domain of f and its range is
the set of values that f takes on, i.e., {f(x,y)| (x,y) € A}

Notation

f:A—R?

We often write z = f(x, y) to make explicit the value taken on by f at the point (x,y). The
variables x and y are independent variables and z is the dependent variable.
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Definition (Functions of Three Variables)

A function of three variables, f, is a rule that assigns to each ordered triple (x, y,z) in a

domain A C R? a unique real number denoted by f(x, y, z).

Notation
f: A— R2

or u= f(x,y,z), where (x,y,z) € A.
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Definition (Functions of n Variables)

A function of n variables is a rule that assigns a number z = f(xq, ..., x,) to an n-tuple
(x1,...,xn) of real numbers.

Example

For example, if a company uses n different ingredients in a food product, ¢; is the cost per unit
of the ith ingredient, and x; is the units of the ith ingredient, then the total cost C of the
ingredients is a function of n variables xq, ..., x, :

C="1f(x1,...,xn) =Cx1+ ...+ cnXn

We can sometimes write functions more compactly with vector notation. If x = [x1,..., x,], we
may write f(x) in place of f(xi,...,xn). So we could write the cost function as

f(x)=c-x
where ¢ = [c1, ..., Cn)-
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Find and plot the domain of the following functions
Q f(x,y)=J=+¥
Q f(x,y)= ——

1—x2—y2
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Definition (sequence of points in R?)

A sequence of points in R? we call a mapping that assigns each natural number a point of
q p g g

plane.
We denote such sequence by (P,), where P, = (xn, ¥n) is nth element of the sequence. The set

of all elements {(xn,yn); n € N} is denoted by {P,} or {(xn,¥n)}
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Definition (Proper limit)

lim P, =Py < (lim x,=x0 A lim y, = yo)
n—oo n—o0 n—o0

A sequence (P,) is convergent to a point Py, if in every ball with centre Py there are almost all
elements of the sequence.

\
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Definition (Heine's definition of a function limit)

Let (xo0,Y0) € R? and the function f be defined at least in the punctured neighbourhood
S(x0, y0) of (x0,¥0). The number g is called proper limit of function f at point (xg, yo) denoted
by

lim f(x,y) =
oy ey YV = E

if and only if
v (lim (xa, yn) = (x0,50)) = ( lim_f(xn, un) = g)

(Xn, yn) n—00

{(xns yn)} C S(x0, ¥0)

Improper limit we define in the same way.
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Definition (Cauchy’s definition of a function limit)

Let f be a function of two variables defined on a disk with centre (xg, yo), except possibly at
(x0, ¥0). Then we say that the limit of f(x, y) as (x, y) approaches (xo, yo) is L and we write

lim f(x,y) =
(x,y)—(x0,¥0) bey)

if for every number £ > 0 there is a corresponding number § > 0 such that |f(x,y) — L| <e
whenever 0 < d((xo, ¥0), (X, y)) < ¢

This means that the values of f(x,y) can be made as close as we wish to the number L by
taking the point (x, y) close enough to the point (xo, yo).
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Theorem (Arithmetic of limits)

If functions f and g have proper limits at point (xo, ¥o0), then

o lim  [f(x,y)+gl,y)]= lm fl,y)+ lim  g(xy)
(x,y)—(x0,¥0) (x,y)—(x0,¥0) (x,y)—(x0,¥0)
Q lim f(x,y)- ) = lim f(x,y)- lim ,
et oY) B = iy Y IR ey €Y
lim f(x,y)

9 -m f(X,y) ()= (x0%0) f I|m g(X7Y) ?é O

= : I
I 7
(xy)= (o) ECY) im0 ()= (0.v0)
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Theorem (limit of composite function)

If functions p, q and f satisfy the following conditions
o lim X,¥) = po, lim X,y) =
(X,)/)—>(Xoﬁyo)p( y)=po (y)—(x0,50) abey) = av
9@ (p(x,¥),a(x,y) # (po, q)) for every (x,y) € S(po, qo)

() lim f(p,q) =
(X»)/)—I>(Xo7}/0) (P q) &

then

lim  f(p(x,y),q9(x,y)) =g
(x,y)—(x0,¥0)
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We can admit improper limits in both theorems, if results are well defined.

We have no |'Hospital’s rule to calculate limits of indefinite terms of multivalued functions. J
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Calculate limits if exist

2
lim
(6y)—(1,2) 2HY

Q lim

Xy
(xy)—(0,0) Y
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Definition (Continuity)

Let (x0,Y0) € R? and let the function f be defined on a disk O(x, yo) with centre (xo, o). The
function f is called continuous at point (xp, yo) if and only if

lim  f(x,y) = f(x0, y0)
(x,y)—(x0,¥0)
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Theorem (continuity of sum, product and quotient of functions)

If functions f and g are continuous at point (xo, yo), then at this point are also continuous
functions:

QO f+g
Qf g
(3] é if only g(xo, y0) # 0
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Theorem (Continuity of composite function)

If the function p, q and f satisfy the following conditions
© p and q are continuous at point (xg, yo)

@ f is continuous at point (po, qo) = (P(X0, ¥0), G(x0, ¥0))
then the function f(p(x,y), q(x,y)) is continuous at the point (xq, yo)-
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Definition (Partial Derivatives of first order)

Let the function f be defined on a disk O(xg, yo) with centre (xo, yo). The partial derivative of
the first order of f(x, y) with respect to x at the point (xg, yp) is

of . f(x0 + Ax, y9) — f(x0, y0)

or . .
BX(XO’yO) A>I<T>0 Ax

The partial derivative of f(x, y) with respect to y at the point (xp, yo) is

of . f(x0,y0 +Ay) — f(x0, ¥0)
9t _ .
ay(Xo,yo) im Ay

Ay—0
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Definition (Partial Derivatives on an open set)

If a function f has partial derivatives of first order at every point of an open set D C R?, then
functions
of of

a(xay)? aiy(xay)a where (X7y) € Da

are called partial derivatives of first order on the set D and are denoted by %, g—; or fy, f,.

Remark

The definition of the partial derivatives for functions of more than two independent variables
are analogous to the two variable definitions.
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Find the values of % and %:
Q f(x,y)=2x3+y-3x2 -1

_ 2x?
9 f(x,y)=2=--X%
Q f(x,y) =x"
Q f(x,y) =e “*siny
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Theorem (derivative of composite function (case 1))

Suppose that
QO x = x(t), y = y(t) are both differentiable functions at ty,
@ x = f(x,y) has continuous partial derivatives at (x(to), y(to))
Then composite function F(t) = f(x(t), y(t)) is differentiable functions at ty

dF _Of dx  Of dy
dt  Ox dt Oy dt’
dx dy

dx 4 are evaluated at to, and partial derivatives 95, 97 at (x(to), y(to))-

Derivatives dx’ By
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Q If z=x%y + xy3, where x = cost, y = sint, find dz/dt when t = /2.
O Find dz/dtif z=\/x2 +y? and x = e*t and y = e~ %L
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Theorem (derivative of composite function (case 2))

Suppose that
Q x =x(u,v), y = y(u,v) have partial derivatives at (ug, vp),

@ x = f(x,y) has continuous partial derivatives at (x(ug, vo), y(to, vo))
Then the composite function F(u,v) = f(x(u,v),y(u,v)) has at (ug, o) partial derivatives

OF _0F 0x o by OF _0F ox
du Ox Ou Oy Ou’ Ov 0Ox Ov

of Oy

of of

Ox Ox Oy OV are eyaluated at (uo, vo), and partial derivativesy_, 3y at

Partial derivatives B0 Byt Bar By
(x(uo, vo), y(uo, vo)).

Lecture
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Find % and % for the following examples

2s
3t

O z = In(x? + y?), where x = eScost and y = esin t.
y y

Q z=¢eYsinx, where x =2s+4t, y =

Q@ w=xy+xz+ yz, where x =st, y = e, z = x + t.
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Definition (Partial Derivatives of second order)

Let a function f has partial derivatives of first order gf a}’i be defined on a disk O(xo, yo) with
centre (xp, yp)-Partial Derivatives of second order of the function f at point (xp, yo) are defined

ﬁ< = (227 Gorse) L t0m) = (226 (0 10)
BxBy X0,Y0) = dx Dy X0, Y0 By? X0,Y0) = By Dy X0, Y0
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Definition (Partial Derivatives on an Open Set)

If a function f has partial derivatives of second order at every point of an open set D C R?,

then functions %(x,y), a‘?gy (x,y),a?gx(x,y), giy’;(x,y), where (x,y) € D are called partial

5 5 2 2 2 2
derivatives of second order on the set D and are denoted by %, aax—gy,%, g—y’; G

fyx fyy-
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Calculate second order partial derivatives
O f(x,y)=xy -2y’ +x—y—1
Q f(x,y)=xsiny
9 f(x,y) = In(x*y — y?)

Show that

QO 2z — 2z, =0if z=xe¥
Qz+z,=1ifz=In(e*+¢)
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Theorem (Schwartz theorem)

If partial derivatives aaxafy % are continuous at a point (xo, yo), then they are equal i.e.

o2f o2f
P a (anO) a Ix (Oa_yo)

Remark

| ><
A\

Analogous equalities are also true for mixed derivatives of n variable functions (n > 2), and
mixed derivatives of higher order.

\
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