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Definition (Local Minimum)

@ A function f has a local minimum at (x, yo) if

f(x,y) > f(x0, ¥0),

for all domain points (x,y) in an open disk centered at (xp, yo)-
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Definition (Local Maximum)

© A function f has a local maximum at (xo, yo) if

f(x,y) < f(x0, ¥0),

for all domain points (x,y) in an open disk centered at (xp, yo)-
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Theorem (necessary condition)
If f satisfies the following conditions:
Q has a local maximum or minimum at (xo, o),
@ the first-order partial derivatives %(xo, ¥0), g—;(xo, Yo) exist

then of of
a(X07y0):07 afy(XOJ/O):O-

Definition

A point (xp, yo) is called a critical point (or stationary point) of f if
5500, %0) =0, Fh(x0,y0) =0.
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Find the critical points and extreme values of the function

f(x,y):x2+y2—4x—4y+10.
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Find the extreme values of f(x,y) = y? — x2.
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Theorem (Second Derivative Test)

Suppose the second partial derivatives of f are continuous on a disk with center (xo, yo) and let
f f
@ 5(x0,%) =0, 5 (x,)=0,
B 27
2L (%0, y0) aiiay(xo,)/o)
© D=det| 5% 02f
ayox (X0, Y0)  gyz(x0, y0)
Then at (xo, o) function f has a local extremum:

>0

. . - 2
e a local minimum, if % (xo,y0) > 0
: P
@ a local maximum, if —gxg (x0,¥0) < 0.

If D < 0, then f(xo, yo) is not a local maximum or minimum. In this case the point (xo, yo) is
called a saddle point of f.
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Figure: f(x,y) = x2 + y?
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If D = 0, the test gives no information: f could have a local maximum or local minimum at
(x0,¥0), or (xo, ¥0) could be a saddle point of f.
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Figure: f(x,y) = x3 +y3
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Find the local maximum and minimum values and saddle points of
Q f(x,y) = x> +2y? — 4x + 4x,
Q f(x,y) = x>+ xy? + 6bxy,
Q f(x,y)=x*+y*—dxy+ 1.
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Absolute Maximum and Absolute Minimum

Definition

f(x,y) < f(xo0,¥0)

(or f(x,y) > f(x0,¥0)) for all points (x, y) in the domain of f, then f has an absolute
maximum (or absolute minimum) at (xo, yo)-
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Absolute Maximum and Absolute Minimum

Definition (Absolute Maximum and Absolute Minimum on a set)

@ A number m is the absolute minimum of f on the set D C Dy, if there exists a point in
this set, such that the value attained at this point equals m and for every point (x,y) € D
the inequality holds

f(x,y)>m

@ A number M is the absolute maximum of f on the set D C Dy, if there exists a point in
this set, such that the value attained at this point equals M and for every point (x,y) € D
the inequality holds

fx,y) <M
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If f is continuous on a closed, bounded set D C R2, then f attains an absolute maximum value
f(x1,y1) and an absolute minimum value f(x2, y2) at some points (x1,y1) and (x2,y2) in D.
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To find the absolute maximum and minimum values of a continuous function f on a closed,
bounded set D:

@ Find the values of f at the critical points of f in D.

@ Find the extreme values of f on the boundary of D.

© The largest of the values from steps 1 and 2 is the absolute maximum value; the smallest
of these values is the absolute minimum value. |

M.W. (CNMiKnO PG Gdansk) Lecture 2013-2017 22 /23



Find the absolute maximum and minimum values of the function

Q@ f(x,y) = x*> —xy +2y% +3x + 2y + 1, on the closed triangular region bounded by x = 0,
y=0,y=—x-5

Q f(x,y)=x*—y% D={(x,y); x> +y? <4}.
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