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@ Partition of rectangle, double integral over the rectangle
© Double integrals over normal sets

© Changing variables in Multiple Integrals

@ Polar coordinates

© Geometric Applications of Double Integrals
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Definition (partition of a rectangle)
The partition of a rectangle R = {(x,y);a < x < b,c <y < d} we call a set P consisting of
the rectangles Ry, R>, ..., R,, with disjoint interiors, fulfilling the rectangle R.

Notation:
o Axy, Ay, — size of a rectangle Ry.
o diam(P) = max{\/(Axx)? + (Ayk)% 1 < k < n} — diameter of a partition P.
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Definition (Riemann Sum)
Let f be bounded on the rectangle R and let P be the partition of that rectangle, let

O = {(Xf’)/l*)v (X;vy;)v SO (X:vy:)v}

be the set of points (one point in each subrectangle).
The number

D 0 i) (Axi) (Ayi).
k=1

we call the Riemann Sum of f corresponding to P and ©.

The sum means that for each subrectangle we evaluate f at the chosen point and multiply by
the area of the subrectangle, then add the results for each subrectangle.
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Definition
The double integral of f over the rectangle R is

// f(x,y)dxdy = lim Z f(x5, vi) (Axi) (D),

diam( P)—)O

when the limit exists. )

A function f is called integrable if the limit in the definition exists.

Any continuous function is integrable
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Theorem (linearity of integral)

Let f and g be integrable on R and let o, B be two real numbers. Then
//(af(x,y) + Bg(x,y))dP = a// f(x,y)dP + 6// g(x,y)dP.
R R R

Theorem (additivity of integral)

If the function f is integrable on R, then for any partition of that rectangle into two rectangles
R:1, R> with disjoint interiors we have

// f(x,y)dxdy = // f(x,y)dxdy + // f(x,y)dxdy.
R R, e

M.W. (CNMiKnO PG Gdansk) Lecture 2013-2016 6/ 28



Theorem (iterated integration)

If the function f is continuous on the rectangle [a, b] x [c, d], then

b

// f(x,y)dxdy:/ /df(X,y)dy dX:/d /bf(xd/)dx dy.

[a,b] x [c,d] a

So we can evaluate double integrals over rectangles by converting to either iterated integral.
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b | d d| b b d
Instead of [ [f f(x, y)dy] dx and [ [f f(x, y)dx] dy we can also write [ dx [ f(x,y)dy and
a c C a a C

d b
fdyf f(x,y)dx.
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Calculate iterated integrals:

4 3
Q [dx [(x—y?)dy,
0 2

2 3
Qo / dyf(x+xy2)dx.
170

Calculate double integrals:
(1) ffx2y2dxdy, R =[0,1] x [-1,1],

° ffsm x+y)dxdy, R=[-3,%] x [0,3].
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If the function f can be written as f(x,y) = g(x)h(y), where the functions g and h are
continuous on intervals [a, b] and [c, d] respectively, then

b d

/ / f(x,y)dxdy = / g(x)dx | - / h(y)dy

[a,b]x[c,d] a c
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Represent the following integrals as products and sums of integrals
Q [[edxdy, R=1[0,1] x [-1,1],
R

Q [[cos(x+y)dxdy, R=[-Z,%] x [0,%F].
R
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Definition

© We call a region D the type | region, if
D={(x,y); a<x<b, g(x) <y < h(x)},

where g and h are continuous on [a, b].
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Definition

© We call a region D the type Il region, if

D={(xy) ply) <x<qly), c<y<d}

where p and g are continuous on [c, d].
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Investigate if the given regions are of type | or Il. Sketch these regions.
Qy=0 x=1y=x°

Qy=2 x=0,y=x°

Qy=-—x>+2, y=x%

Qy=3x, y=x>-2
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Q If
D={(xy) a<x<b, gx) <y <h(x)}

is a type | region on which f(x,y) is continuous, then

b | h(x)
// f(x,y)dxdy :/ / f(x,y)dy| dx.
D a  |g(x)
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o If
D={(xy) ply) <x<qly), c<y<d}

is a type Il region on which f(x,y) is continuous, then

d | aly)
// f(x,y)dxdy :/ / f(x,y)dx| dy.
D < |p(y)
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Example

Transform the double integral [ f(x,y)dxdy into iterated integrals, if the region D is defined
as: P

Qy=1+V2x—x2, x=0,x=2, y=0,

Q x=y% y=x-2.

| \

Example

Calculate iterated integrals. Sketch the integration regions.

3 3x
Q [dx [(x—y)dy,
0 X
71'/2 2x
Q [ dx [sin(x+ y)dy.
0 0
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Calculate double integrals over given regions:
O [f(x* = xy?)dxdy, D={(x,y); y > x, y < 4x—x%},
D

O [[xydxdy, D={(x,y); y >x?, y <3x—x%}.
D
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Let the region D be the union of two or more regions of type | or I, Dy, Ds, ..., D, with
disjoint interiors and let the function f be integrable on D. Then:

[ f(x,y)dxdy =

gf f(x,y)dxdy + Ef)fo(x,y)dxdy + ..+ gf f(x,y)dxdy.
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Calculate integrals over the regions bounded by:
Q [[xydxdy, D: y=x,y=1, y=0, x=4,
D

Q [[ydxdy, D: y=x% y=-x+4, y=0, x>0.
D

Calculate integrals over the region D : x?> 4+ y?> <3, x>0, y > 0:
o ff dxdy,

eff + y?)dxdy.
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Definition (the Jacobian)
Given the mapping 7(u, v) = (¢(u, v), ¥ (u, v)) we define the function:

Ap(u,v) W Op(u,v) u.v
Jr(u,v) = det 3¢‘?l‘,’7v)( V) Bw?l‘ll,v)( )
T(u’ v) T(U, V)

called the Jacobian.

ANpY) . Dlpt)

We can also denote it as vy © Dluv)
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Theorem (change of variables in double integrals)
Let

QO { ; i ZEZ’ Z; be a transformation of the plane that is one to one from a region A in
- Y

the (u, v)-plane to a region D in the (x,y)-plane,
© functions ¢ and v have continuous partial derivatives on some open region containing A,
© function f is continuous on D,
© the Jacobian J- is never zero inside D.
Then

// f(XvY)dxdy:// f(e(u, v),¥(u, v))|Jr(u, v)|dudv.
D A
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Recall that the cartesian coordinates of the point given in the polar coordinates can be
calculeted by
5. { X =rcosp
y = rsinp.

The Jacobian of the transformation B is r, thus

Je(r,p) =r.
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// f(x,y)dxdy = // f(rcos, rsin)r drde.
A

D
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Example

Introducing polar coordinates calculate:
(%) ffxyzdxdy, D:x*>+y><4 x>0,

Q fflni);_:;}/)dxdy, D:1§X2—|—y2§4,y20,

fo + y?)dxdy, D : x? +y? —2x < 0.

! [sin de—gx——SInZX—i— 5 sindx + C
8
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If in polar coordinates A has the form

A={(r,p): a<p<B, gle)<r<h(p)}

where g and h are continuous on [a, 8] C [0,27], then

B hy)
// f(rcosy, rsinp)r drd<p:/d<p / f(rcos, rsinp)rdr.
A @ ()
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@ The area of a type | or type Il region D C R? can be written in the form

\mzé/w.

@ The volume of the cylindrical solid V between the surfaces z = d(x, y) and
z = g(x,y) over D C R? is given by:

/ [g(x,y) — d(x,y)] dP.

@ The area of the surface S, given as a graph of function z = f(x, y), where (x,y) € D is

given by:
of\*  [of
° —/N” (5) (%)
D
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Calculate:
© the area of the region bounded by the curves: y =¢e*, y=Inx, x+y =1, x=2,

@ the volume of the cylindrical solid between the surfaces :
2+y? =1 x+y+z=3,z=0,
© the area of the surface z =8 — 4x — 2y, where x >0, y >0, z > 0.
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