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De�nition (partition of a re
tangle)

The partition of a re
tangle R = {(x , y); a ≤ x ≤ b, c ≤ y ≤ d} we 
all a set P 
onsisting of

the re
tangles R
1

,R
2

, . . . ,Rn, with disjoint interiors, ful�lling the re
tangle R .

Notation:

∆xk ,∆yk � size of a re
tangle Rk .

diam(P) = max{
√

(∆xk)2 + (∆yk)2; 1 ≤ k ≤ n} � diameter of a partition P .
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De�nition (Riemann Sum)

Let f be bounded on the re
tangle R and let P be the partition of that re
tangle, let

Θ = {(x∗
1

, y∗
1

), (x∗
2

, y∗
2

), . . . , (x∗n , y
∗

n ), }

be the set of points (one point in ea
h subre
tangle).

The number

n
∑

k=1

f (x∗k , y
∗

k )(∆xk)(∆yk).

we 
all the Riemann Sum of f 
orresponding to P and Θ.

The sum means that for ea
h subre
tangle we evaluate f at the 
hosen point and multiply by

the area of the subre
tangle, then add the results for ea
h subre
tangle.
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De�nition

The double integral of f over the re
tangle R is

∫∫

R

f (x , y)dxdy = lim
diam(P)→0

n
∑

k=1

f (x∗k , y
∗

k )(∆xk)(∆yk),

when the limit exists.

A fun
tion f is 
alled integrable if the limit in the de�nition exists.

Fa
t

Any 
ontinuous fun
tion is integrable.

M.W. (CNMiKnO PG Gda«sk) Le
ture 2013-2016 5 / 28



Theorem (linearity of integral)

Let f and g be integrable on R and let α, β be two real numbers. Then

∫∫

R

(αf (x , y) + βg(x , y))dP = α

∫∫

R

f (x , y)dP + β

∫∫

R

g(x , y)dP .

Theorem (additivity of integral)

If the fun
tion f is integrable on R , then for any partition of that re
tangle into two re
tangles

R
1

, R
2

with disjoint interiors we have

∫∫

R

f (x , y)dxdy =

∫∫

R
1

f (x , y)dxdy +

∫∫

R
2

f (x , y)dxdy .
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Theorem (iterated integration)

If the fun
tion f is 
ontinuous on the re
tangle [a, b]× [c , d ], then

∫∫

[a,b]×[c,d]

f (x , y)dxdy =

b
∫

a





d
∫

c

f (x , y)dy



 dx =

d
∫

c





b
∫

a

f (x , y)dx



 dy .

So we 
an evaluate double integrals over re
tangles by 
onverting to either iterated integral.
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Remark

Instead of

b
∫

a

[

d
∫

c

f (x , y)dy

]

dx and

d
∫

c

[

b
∫

a

f (x , y)dx

]

dy we 
an also write

b
∫

a

dx
d
∫

c

f (x , y)dy and

d
∫

c

dy
b
∫

a

f (x , y)dx .
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Example

Cal
ulate iterated integrals:

1

4

∫

0

dx
3

∫

2

(x − y2)dy ,

2

2

∫

−1

dy
3

∫

0

(x + xy2)dx .

Example

Cal
ulate double integrals:

1

∫∫

R

x2y2dxdy , R = [0, 1] × [−1, 1],

2

∫∫

R

sin(x + y)dxdy , R =
[

−π
4

, π
4

]

×
[

0, π
4

]

.
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Theorem

If the fun
tion f 
an be written as f (x , y) = g(x)h(y), where the fun
tions g and h are


ontinuous on intervals [a, b] and [c , d ] respe
tively, then

∫∫

[a,b]×[c,d]

f (x , y)dxdy =





b
∫

a

g(x)dx



 ·





d
∫

c

h(y)dy



 .
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Example

Represent the following integrals as produ
ts and sums of integrals

1

∫∫

R

ex+ydxdy , R = [0, 1]× [−1, 1],

2

∫∫

R

cos(x + y)dxdy , R =
[

−π
4

, π
4

]

×
[

0, π
4

]

.
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De�nition

1

We 
all a region D the type I region, if

D = {(x , y); a ≤ x ≤ b, g(x) ≤ y ≤ h(x)},

where g and h are 
ontinuous on [a, b].
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De�nition

2

We 
all a region D the type II region, if

D = {(x , y); p(y) ≤ x ≤ q(y), c ≤ y ≤ d},

where p and q are 
ontinuous on [c , d ].
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Example

Investigate if the given regions are of type I or II. Sket
h these regions.

1 y = 0, x = 1, y = x2,

2 y = 2, x = 0, y = x2,

3 y = −x2 + 2, y = x2,

4 y = 3x , y = x2 − 2.
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Theorem

1

If

D = {(x , y); a ≤ x ≤ b, g(x) ≤ y ≤ h(x)}
is a type I region on whi
h f (x , y) is 
ontinuous, then

∫∫

D

f (x , y)dxdy =

b
∫

a







h(x)
∫

g(x)

f (x , y)dy






dx .

M.W. (CNMiKnO PG Gda«sk) Le
ture 2013-2016 15 / 28



Theorem

1

If

D = {(x , y); p(y) ≤ x ≤ q(y), c ≤ y ≤ d}
is a type II region on whi
h f (x , y) is 
ontinuous, then

∫∫

D

f (x , y)dxdy =

d
∫

c







q(y)
∫

p(y)

f (x , y)dx






dy .
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Example

Transform the double integral

∫∫

D

f (x , y)dxdy into iterated integrals, if the region D is de�ned

as:

1 y = 1+
√
2x − x2, x = 0, x = 2, y = 0,

2 x = y2, y = x − 2.

Example

Cal
ulate iterated integrals. Sket
h the integration regions.

1

3

∫

0

dx
3x
∫

x

(x − y)dy ,

2

π/2
∫

0

dx
2x
∫

0

sin(x + y)dy .
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Example

Cal
ulate double integrals over given regions:

1

∫∫

D

(x2 − xy2)dxdy , D = {(x , y); y ≥ x , y ≤ 4x − x2},

2

∫∫

D

x2ydxdy , D = {(x , y); y ≥ x2, y ≤ 3x − x2}.
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Fa
t

Let the region D be the union of two or more regions of type I or II, D
1

,D
2

, . . . ,Dn with

disjoint interiors and let the fun
tion f be integrable on D. Then:

∫∫

D

f (x , y)dxdy =
∫∫

D
1

f (x , y)dxdy +
∫∫

D
2

f (x , y)dxdy + . . . +
∫∫

Dn

f (x , y)dxdy .
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Example

Cal
ulate integrals over the regions bounded by:

1

∫∫

D

xydxdy , D : y = x , y = 1

x
, y = 0, x = 4,

2

∫∫

D

ydxdy , D : y = x2, y = −x + 4, y = 0, x ≥ 0.

Example

Cal
ulate integrals over the region D : x2 + y2 ≤ 3, x ≥ 0, y ≥ 0:

1

∫∫

D

dxdy ,

2

∫∫

D

(x2 + y2)dxdy .
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De�nition (the Ja
obian)

Given the mapping τ(u, v) = (ϕ(u, v), ψ(u, v)) we de�ne the fun
tion:

Jτ (u, v) = det

[

∂ϕ(u,v)
∂u (u, v) ∂ϕ(u,v)

∂v (u, v)
∂ψ(u,v)
∂u (u, v) ∂ψ(u,v)

∂v (u, v)

]

.


alled the Ja
obian.

Remark

We 
an also denote it as

∂(ϕ,ψ)
∂(u,v) or

D(ϕ,ψ)
D(u,v)
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Theorem (
hange of variables in double integrals)

Let

1 τ :

{

x = ϕ(u, v)
y = ψ(u, v)

be a transformation of the plane that is one to one from a region ∆ in

the (u, v)-plane to a region D in the (x , y)-plane,

2

fun
tions ϕ and ψ have 
ontinuous partial derivatives on some open region 
ontaining ∆,

3

fun
tion f is 
ontinuous on D,

4

the Ja
obian Jτ is never zero inside D.

Then

∫∫

D

f (x , y)dxdy =

∫∫

∆

f (ϕ(u, v), ψ(u, v))|Jτ (u, v)|dudv .
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Fa
t

Re
all that the 
artesian 
oordinates of the point given in the polar 
oordinates 
an be


al
uleted by

B :

{

x = r cosϕ
y = r sinϕ.

The Ja
obian of the transformation B is r , thus

JB(r , ϕ) = r .
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Theorem

∫∫

D

f (x , y)dxdy =

∫∫

∆

f (r cosϕ, r sinϕ)r drdϕ.
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Example

Introdu
ing polar 
oordinates 
al
ulate:

1

∫∫

D

xy2dxdy , D : x2 + y2 ≤ 4, x ≥ 0,

2

∫∫

D

ln(x2+y2)
x2+y2

dxdy , D : 1 ≤ x2 + y2 ≤ 4, y ≥ 0,

3

∫∫

D

(x2 + y2)dxdy , D : x2 + y2 − 2x ≤ 0.

1

1

∫
sin

4

xdx =
3

8

x −

1

4

sin 2x +
1

32

sin 4x + C
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Remark

If in polar 
oordinates ∆ has the form

∆ = {(r , ϕ) : α ≤ ϕ ≤ β, g(ϕ) ≤ r ≤ h(ϕ)}

where g and h are 
ontinuous on [α, β] ⊂ [0, 2π], then

∫∫

∆

f (r cosϕ, r sinϕ)r drdϕ =

β
∫

α

dϕ

h(ϕ)
∫

g(ϕ)

f (r cosϕ, r sinϕ)rdr .
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The area of a type I or type II region D ⊂ R
2


an be written in the form

|D| =
∫∫

D

dP .

The volume of the 
ylindri
al solid V between the surfa
es z = d(x , y) and
z = g(x , y) over D ⊂ R

2

is given by:

V =

∫∫

D

[g(x , y)− d(x , y)] dP .

The area of the surfa
e S , given as a graph of fun
tion z = f (x , y), where (x , y) ∈ D is

given by:

|S | =
∫∫

D

√

1+

(

∂f

∂x

)

2

+

(

∂f

∂y

)

2

dP .
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Example

Cal
ulate:

1

the area of the region bounded by the 
urves: y = ex , y = ln x , x + y = 1, x = 2,

2

the volume of the 
ylindri
al solid between the surfa
es :

x2 + y2 = 1, x + y + z = 3, z = 0,

3

the area of the surfa
e z = 8− 4x − 2y , where x ≥ 0, y ≥ 0, z ≥ 0.
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