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S
alar and ve
tor �elds

If a s
alar fun
tion u(r) is de�ned at ea
h r in some region

u is a s
alar �eld in that region.

Examples: temperature, pressure, altitude, CO
2


on
entration
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S
alar and ve
tor �elds

Similarly, if a ve
tor fun
tion v(r) is de�ned at ea
h point, then

v is a ve
tor �eld in that region.

Examples: wind velo
ity, magneti
 �eld, tra�
 �ows, opti
al �ow, ele
tri
 �elds
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We introdu
e three �eld operators whi
h reveal interesting 
olle
tive �eld properties.

the gradient of a s
alar �eld,

the divergen
e of a ve
tor �eld, and

the 
url of a ve
tor �eld.
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The gradient of a s
alar �eld

If U(r) is a s
alar �eld, its gradient is de�ned in Cartesians 
ords by

grad U =
∂U

∂x
i +

∂U

∂y
j +

∂U

∂z
k

It is usual to de�ne the ve
tor operator ∇

∇ =

[

∂

∂x
,
∂

∂y
,
∂

∂z

]

whi
h is 
alled �del� or �nabla�. We 
an write grad U = ∇U .

grad U or ∇U is a ve
tor �eld!
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The divergen
e of a ve
tor �eld

Let a be a ve
tor �eld:

a(x , y , z) = [a
1

, a
2

, a
3

]

The divergen
e of a at any point is de�ned in Cartesian 
o-ordinates by

div a =
∂a

1

∂x
+

∂a
2

∂y
+

∂a
3

∂z

The divergen
e of a ve
tor �eld is a s
alar �eld. We 
an write div as a s
alar produ
t with the

∇ ve
tor di�erential operator:

div a =

[

∂

∂x
,
∂

∂y
,
∂

∂z

]

◦ a = ∇ ◦ a
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The Lapla
ian: div (grad U) of a s
alar �eld

grad U of any s
alar �eld U is a ve
tor �eld. We 
an take the div of any ve
tor �eld. Thus we


an 
ertainly 
ompute div (grad U)

∇ ◦ (∇U) =

[

∂

∂x
,
∂

∂y
,
∂

∂z

]

◦

([

∂

∂x
,
∂

∂y
,
∂

∂z

]

U

)

=

=

([

∂

∂x
,
∂

∂y
,
∂

∂z

]

◦

[

∂

∂x
,
∂

∂y
,
∂

∂z

])

U =

=
∂2U

∂x2
+

∂2U

∂y2
+

∂2U

∂z2

The operator ∇2

(del-squared) is 
alled the Lapla
ian

∇2U =

(

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)

U

Appears in Engineering through, e.g., Lapla
e's equation

∇2U = 0
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The 
url of a ve
tor �eld

So far we have applied the operator ∇ to a s
alar �eld (∇U) and dotted with a ve
tor �eld

(∇ ◦ a).

Now we 
ross it with a ve
tor �eld

This gives the 
url of a ve
tor �eld

∇× a = curl (a)

We 
an follow the pseudo-determinant re
ipe for ve
tor produ
ts, so that

∇× a =

∣

∣

∣

∣

∣

∣

i j k
∂

∂x
∂

∂y
∂

∂z

ax ay az

∣

∣

∣

∣

∣

∣

=

[(

∂az

∂y
−

∂ay

∂z

)

,

(

∂ax

∂z
−

∂az

∂y

)

,

(

∂ay

∂x
−

∂ax

∂y

)]
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Some de�nitions involving div, 
url and grad

A ve
tor �eld with zero divergen
e is said to be solenoidal.

A ve
tor �eld with zero 
url is said to be irrotational.

A s
alar �eld with zero gradient is said to be 
onstant.
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Line Integrals

By a line integral, we mean integrating a fun
tion along a 
urve C . We denote this by

∫

C

f (x , y , z)ds

where s is the ar
 length parameter along the 
urve.
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If C is smoothly parametrised by

r(t) = [x(t), y(t), z(t)] ,

then the line integral of f (x , y , z) along C is given by

∫

C

f (x , y , z)ds =

b
∫

a

f (x , y , z)||r ′(t)||dt
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Consider a ve
tor �eld

F (x , y , z) = [f (x , y , z), g(x , y , z), h(x , y , z)]

for whi
h we 
an �nd the line integral for ea
h 
omponent in the same way as before. However,

if we have a small length in ea
h dire
tion, this 
an be represented by

dr = [dx , dy , dz ] .

Then, the line integral of F along C is denoted by

∫

C

F ◦ dr =

∫

C

(f (x , y , z)dx + g(x , y , z)dy + h(x , y , z)dz)

whi
h we 
al
ulate by an analogous method to the simpler 
ase as

∫

C

F ◦ dr =

b
∫

a

F (r(t)) ◦ r ′(t)dt
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Line Integrals along smooth pie
ewise 
urves

If we have a smooth 
urves C
1

,C
2

, . . . ,Cn, then C represents the 
urve made by joining these

together and the line integral is given by

∫

C

F ◦ dr =

∫

C
1

F ◦ dr +

∫

C
2

F ◦ dr + . . .+

∫

Cn

F ◦ dr
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Path independen
e

If a ve
tor �eld is 
onservative, line integral will be path independent. In other words, any path


hosen will give the same result whi
h is determined by the end points.

Conservative �elds are those for whi
h F is de�ned as the gradient of a fun
tion

F (x , y , z) = ∇ϕ(x , y , z)

Then for the 
urve C from (x
0

, y
0

, z
0

) to (x
1

, y
1

, z
1

)

∫

C

F ◦ dr =

∫

C

∇ϕ(x , y , z) ◦ dr = ϕ(x
0

, y
0

, z
0

)− ϕ(x
1

, y
1

, z
1

).
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Conservative Field Test

If f (x , y) and g(x , y) are 
ontinuous and have 
ontinuous �rst order partial derivatives on some

open region D, and if the ve
tor �eld F (x , y) = [f (x , y), g(x , y)] is 
onservative on D, then

∂f

∂y
=

∂g

∂x
.

at ea
h point in D. Conversely, if D is simply 
onne
ted and the above 
ondition holds at ea
h

point in D, then F (x , y) = [f (x , y), g(x , y)] is 
onservative.
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Green's Theorem

Theorem (Green's Theorem)

Let R be a simply 
onne
ted plane region whose boundary is a simple, 
losed, pie
ewise

smooth 
urve C oriented anti-
lo
kwise. If f (x , y) and g(x , y) are 
ontinuous and have


ontinuous �rst partial derivatives on some open set 
ontaining R , then

∮

C

F (x , y)dx + g(x , y)dy =

∫∫

R

(

∂g

∂x
−

∂f

∂y

)

dA.
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Finding area using Green's Theorem

We 
an use Green's theorem to �nd the area of a region via the line integral around its

boundary. In the statement of Green's Theorem, if we 
hoose f (x , y) and g(x , y) su
h that

∂g
∂x

− ∂f
∂y

= 1 we will get an area integral on the right hand side. Two useful 
hoi
es are for

f (x , y) = 0, g(x , y) = x whi
h gives

A =

∫∫

R

dA =

∮

xdy ,

and for f (x , y) = 0− y , g(x , y) = 0 whi
h gives

A = −

∫∫

R

dA =

∮

ydx .

Often, 
ombining these is also useful,

A =
1

2

∮

−ydx + xdy .
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