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De�nition

Let V be a ve
tor spa
e over F = R or F = C. An inner produ
t on V is a fun
tion

〈, 〉 : V × V → F with the following properties

1

(Positive de�niteness) For all v ∈ V ,

〈v , v〉 ≥ 0 and 〈v , v〉 = 0 ⇔ v = 0 (1)

2

For F = C: (Conjuga
y symmetry)

〈u, v〉 = 〈v , u〉 (2)

For F = R: (Symmetry)

〈u, v〉 = 〈v , u〉 (3)

3

(Linearity in the �rst 
oordinate) For all u, v ∈ V and r , s ∈ F

〈ru + sv ,w〉 = r〈u,w〉+ s〈v ,w〉 (4)

M.W. (CNMiKnO PG Gda«sk) Le
ture 2012-2016 3 / 39



De�nition

A real (or 
omplex) ve
tor spa
e V , together with an inner produ
t, is 
alled a real (or


omplexed) inner produ
t spa
e.

If F = R , then properties 2 i 3 imply that the inner produ
t is linear in both 
oordinates , that

is, the inner produ
t is bilinear. However, if F = C, then

〈w , ru + sv〉 = 〈ru + sv ,w〉 = r〈w , u〉+ s〈w , v〉 (5)

This is referred to as 
onjugate linearity in the se
ond 
oordinate. A 
omplex inner produ
t is

linear in its �rst 
oordinate and 
onjugate linear in its se
ond 
oordinate. This is often des
ribed

by saying that 
omplex inner produ
t is sesquilinear. (Sesqui means �one an a half times�).
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Examples

Example

1

The ve
tor spa
e R
n
is an inner produ
t spa
e under the standard inner produ
t, de�ned by

〈(r
1

, . . . , rn), (s1, . . . , sn)〉 = r
1

s
1

+ . . . + rnsn (6)

The inner produ
t spa
e R
n
is often 
alled n-dimensional Eu
lidean spa
e

2

The ve
tor spa
e C
n
is an inner produ
t spa
e under standard inner produ
t de�ned by

〈(r
1

, . . . , rn), (s1, . . . , sn)〉 = r
1

s
1

+ . . . + rnsn (7)

This inner produ
t spa
e is often 
alled n-dimensional unitary spa
e.
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Examples

Example

3

The ve
tor spa
e C [a, b] of all 
ontinuous 
omplex-valued fun
tions on the 
losed interval

[a, b] is a 
omplex inner produ
t spa
e under the inner produ
t

〈f , g〉 =
b∫

a

f (x)g(x)dx (8)
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Important example

Example

One of the most important inner produ
t spa
es is the ve
tor spa
e ℓ2 of all real (or


omplexed) sequen
es (sn) with the property that

∑
|sn|2 < ∞ (9)

under the inner produ
t

〈(sn), (tn)〉 =
∞∑

n=1

sntn (10)

Su
h sequen
es are 
alled square summable.
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Norm

If V is an inner produ
t spa
e, the norm, or length of v ∈ V is de�ned by

||v || =
√

〈v , v〉 (11)

A ve
tor v is a unit ve
tor if ||v || = 1.

M.W. (CNMiKnO PG Gda«sk) Le
ture 2012-2016 8 / 39



Theorem

1 ||V || ≥ 0 and ||v || = 0 if and only if v = 0

2

For all r ∈ F and v ∈ V ,

||rv || = |r | ||v ||
3

(The Cau
hy-S
hwartz inequality) For all v , u ∈ V

|〈u, v〉| ≤ ||u|| ||v || (12)

with equality if and only if one of u and v is a s
alar multiple of the other.

4

(The triangle inequality) For all u, v ∈ V

||u + v || ≤ ||u||+ ||v || (13)

with equality if and only if one of u and v is a s
alar multiple of the other.
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Theorem

5

For all u, v , x ∈ V

||u − v || ≤ ||u − x ||+ ||x − v || (14)

6

For all u, v ∈ V

| ||u|| − ||v || | ≤ ||u − v || (15)

7

(The parallelogram law) For all u, v ∈ V

||u + v ||2 + ||u − v ||2 = 2||u||2 + 2||v ||2 (16)
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Any ve
tor spa
e V , together with fun
tion || · || : V → R that satis�es properties 1), 2) and 4)

of the previous theorem is 
alled a normed linear spa
e and the fun
tion || · || is 
alled a norm.

Thus, any inner produ
t spa
e is a normed linear spa
e, under norm given by (11)
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Let V be an inner produ
t spa
e. The distan
e d(u, v) between any two ve
tors u and v in V is

d(u, v) = ||u − v || (17)

Theorem

1 d(u, v) ≥ 0 and d(u, v) = 0 if and only if u = v

2

(Symmetry)

d(u, v) = d(v , u) (18)

3

(The triangle inequality)

d(u, v) ≤ d(u,w) + d(w , v) (19)
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Any nonempty set V , together with a fun
tion d : V × V → R that satis�es the properties of

the above theorem is 
alled a metri
 spa
e and the fun
tion d is 
alled a metri
 on V . Thus,

any inner produ
t spa
e is a metri
 spa
e under the metri
 (17)

The presen
e of an inner produ
t, and hen
e a metri
, permits the de�nition of a topology on

V , and in parti
ular, 
onvergen
e of in�nite sequen
es. a sequen
e (vn) of ve
tors in V


onverges to v ∈ V if

lim

n→∞
||vn − v || = 0 (20)

Some of more important 
on
epts related to 
onvergen
e are 
losedness and 
losures,


ompleteness and the 
ontinuity of linear operators and linear fun
tionals.
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Let M be a metri
 spa
e with metri
 d

De�nition

A sequen
e (xn) in a metri
 spa
e M is a Cau
hy sequen
e if for any ε > 0, there exists an

N > 0 for whi
h

n,m > N ⇒ d(xn, xm) < ε (21)

De�nition

Let M be a metri
 spa
e

1 M is said to be 
omplete if every Cau
hy sequen
e in M 
onverges in M

2

A subspa
e S of M is 
omplete if it is 
omplete as a metri
 spa
e. Thus S is 
omplete if

every Cau
hy sequen
e (sn) in S 
onverges to an element in S .

M.W. (CNMiKnO PG Gda«sk) Le
ture 2012-2016 14 / 39



De�nition

Let f : M → M ′
be a fun
tion from the metri
 spa
e (M, d) to the metri
 spa
e (M ′, d ′). we

say that f is 
ontinuous at x
0

∈ M if for any ε > 0 there exists a δ > 0 su
h that

d(x , x
0

) < δ ⇒ d ′(f (x), f (x
0

)) < ε (22)

A fun
tion is 
ontinuous if it is 
ontinuous at every x
0

∈ M.

Theorem

A fun
tion f : M → M ′
is 
ontinuous if and only if whenever (xn) is a sequen
e in M that


onverges to x
0

∈ M, then sequen
e (f (xn)) 
onverges to f (x
0

), in short

(xn) → x
0

⇒ (f (xn)) → f (x
0

) (23)
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De�nition

An inner produ
t spa
e that is 
omplete under the metri
 indu
ed by the inner produ
t is said

to be a Hilbert spa
e.

Example

The spa
e ℓ2 is a Hilbert spa
e. The inner produ
t is de�ned by

〈x , y〉 =
∞∑

n=1

xnyn

The metri
 indu
ed by this inner produ
t is

d(x , y) = ||x − y ||
2

=

( ∞∑

n=1

|xn − yn|2
)

1/2

The spa
e ℓ2 is a prototype of all Hilbert spa
es, introdu
ed by David Hilbert in 1912, even

before the axiomati
 de�nition of Hilbert spa
es was given by John von Neumann in 1927
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In the �nite-dimensional 
ase, the situation is very straightforward:

All subspa
es are 
losed,

all linear produ
t spa
es are 
omplete

and all linear operators and fun
tionals are 
ontinuous.

However, in the in�nite-dimensional 
ase, things are not as simple.
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De�nition

Let V be an inner produ
t spa
e

1

Two ve
tors u, v ∈ V are orthogonal, written u ⊥ v , if

〈u, v〉 = 0 (24)

2

Two subspa
es X ,Y ⊆ V are orthogonal, written X ⊥ Y , if 〈X ,Y 〉 = {0}, that is, if
x ⊥ y for all x ∈ X and y ∈ Y . We write v ⊥ X in pla
e of {v} ⊥ X .

3

The orthogonal 
omplement of a subspa
e X ⊆ V is the set

X⊥ = {v ∈ V ; v ⊥ X} (25)
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De�nition

A nonempty set O = {ui ; i ∈ K} of ve
tors in an inner produ
t spa
e is said to be an

orthonormal set if ui ⊥ uj for all i 6= j ∈ K . If, in addition, ea
h ve
tor ui is a unit ve
tor, then

O is an orthonormal set. Thus, a set is orthonormal if

〈ui , uj〉 = δi ,j (26)

for all i , j ∈ K , where δi ,j is Krone
ker delta fun
tion.

Theorem

Any orthonormal set of nonzero ve
tors in V is linearly independent.
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De�nition

A maximal orthonormal set in an inner produ
t spa
e V is 
alled a Hilbert basis for V

Example

Let V = ℓ2 and let M be the set of all ve
tors of the form

ei = (0, . . . , 0, 1, 0, . . .)

where ei has 1 in the ith 
oordinate and 0's elsewhere. Clearly, M is an orthonormal set.

Moreover, it is maximal. For if v = (xn) ∈ ℓ2 has the property that v ⊥ M, then

xi = 〈v , ei 〉 = 0

for all i and so v = 0. Hen
e, no nonzero ve
tor v 6∈ M is orthogonal to M. This shows that

M is a Hilbert basis for the inner produ
t spa
e ℓ2.
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Theorem

Let O = {u
1

, . . . , uk} be an orthonormal subset of an inner produ
t spa
e V and let S = 〈O〉.
The Fourier expansion with respe
t to O of a ve
tor v ∈ V is

v̂ = 〈v , u
1

〉u
1

+ . . .+ 〈v , uk〉uk (27)

Ea
h 
oe�
ient 〈v , ui 〉 is 
alled Fourier 
oe�
ient of v with respe
t to O. The ve
tor v̂ 
an be


hara
terized as follows:

1 v̂ is the unique ve
tor s ∈ S for whi
h (v − s) ⊥ S

2 v̂ is the best approximation to v from within S , that is, v̂ is the unique ve
tor s ∈ S that

is 
losest to v , in the sense that

||v − v̂ || < ||v − s|| (28)

for all s ∈ S \ {v̂}
3

Bessel's inequality holds for all v ∈ V , that is

||v̂ || ≤ ||v || (29)
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Problems

1

Show, that in any Eu
lidean spa
e equality ||u|| = ||v || holds if and only if u + v ⊥ u − v

2

In ve
tor spa
e R
2

de�ne inner produ
t, su
h that the following 
onditions hold

[1, 0] ⊥ [1, 1], [0, 1] ⊥ [2, 1] i ||[1, 0]|| = 2

3

Che
k if the given ve
tors form an orthonormal basis of Eu
lidean spa
e R
3

:

v
1

= 1

5

[4, 3, 0], v
1

= 1

5

[3,−4, 0], v
3

= [0, 0, 1]

4

Applying Gram-S
hmidt orthogonalization pro
ess, 
onstru
t orthonormal basis of the

given subspa
e of the Eu
lidean spa
e R
4

: span([1, 1, 1, 1], [3, 3, 1, 1], [7, 5, 3, 1])
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Let V and W be �nite-dimensional inner produ
t spa
es over F and let τ ∈ L(V ,W ). Then
there is a unique fun
tion τ∗ : W → V , de�ned by the 
ondition

〈τv ,w〉 = 〈v , τ∗w〉 (30)

for all v ∈ V and w ∈ W . This fun
tion is in (W ,V ) and is 
alled the adjoint of τ .
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Theorem

Let V and W be �nite-dimensional inner produ
t spa
es. For every σ, τ ∈ L(V ,W ) and r ∈ F

1 (σ + τ)∗ = σ∗ + τ∗

2 (rτ)∗ = rτ∗

3 τ∗∗ = τ and so

〈τ∗v ,w〉 = 〈v , τw〉
4

If τ is invertible, then (τ−1)∗ = (τ∗)−1

5

If V = W and p[x ] ∈ R[x ], then p(τ)∗ = p(τ∗)
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Theorem

Moreover, if τ ∈ L(V ) and S is a subspa
e of V , then

7 S is τ -invariant if and only if S⊥
is τ∗-invariant.

8 (S ,S⊥) redu
es τ if and only if S is both τ -invariant and τ∗-invariant, in whi
h 
ase

(τ |S )∗ = (τ∗)|S
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De�nition

Let V be inner produ
t spa
e

1 τ ∈ L(V ) is self-adjoint (also 
alled Hermitian in the 
omplex 
ase and symmetri
 in the

real 
ase) if

τ∗ = τ (31)

2 τ ∈ L(V ) is skew self-adjoint (also 
alled skew-Hermitian in the 
omplex 
ase and

skew-symmetri
 in the real 
ase) if

τ∗ = −τ (32)

3 τ ∈ L(V ) is unitary in the 
omplex 
ase and orthogonal in the real 
ase if τ is invertible

and

τ∗ = τ−1

(33)
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De�nition

Let τ : H
1

→ H
2

be a linear transformation from H
1

to H
2

. Then τ is said to be bounded if

sup

x 6=0

||τx ||
||x || < ∞ (34)

If the supremum on the left is �nite, we denote it by ||τ || and 
all it the norm of τ .
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Lo
ally integrable fun
tions

De�nition

A fun
tion f de�ned on R is 
alled lo
ally integrable, if the integral

b∫

a

f

exists for −∞ < a < b < ∞

Theorem

Let f , g be lo
ally integrable fun
tions. If g is bounded on [a, b] for every −∞ < a < b < ∞,

then the produ
t f · g is a lo
ally integrable fun
tion.
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A 
omplex-valued fun
tion f is integrable if and only if its real part Ref and its imaginary part

Imf are integrable. Moreover, if f is integrable, then

∫
f =

∫
Ref + i

∫
Imf (35)

De�nition

A 
omplex-valued fun
tion f : R → C is 
alled lo
ally integrable if its real part and imaginary

part are lo
ally integrable.
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De�nition

The set of all fun
tions f : R → R satisfying

∫
R

f < ∞ we denote L1(R)

De�nition

Fun
tional

|| · || : L1(R) → R

de�ned as

||f || =
∫

|f |

is a norm of L1(R)

Theorem

L1(R) is 
omplete.
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De�nition

For a real p > 1 by Lp(R) we denote the spa
e of all 
omplex-valued lo
ally integrable

fun
tions f su
h that

|f |p ∈ L1(R)

Moreover

||f ||p =

(∫
|f |p
)
1/p

is a norm.

Theorem

1 Lp(R) is a ve
tor spa
e.

2 Lp(R) is 
omplete for every 1 ≤ p < ∞
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Example

Example

The spa
e L2(R) with an inner produ
t de�ned as

∞∫

−∞

f (x)g(x)dx

is an inner produ
t spa
e.

The spa
es L2(R) and L2([a, b]) are Hilbert spa
es.
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De�nition

A sequen
e (xn) of ve
tors in an inner produ
t spa
e E is 
alled weakly 
onvergent to a ve
tor

x in E if for every y ∈ E

〈xn, y〉 → 〈x , y〉, n → ∞
Notation

xn
w→ x

Theorem

A strongly 
onvergent sequen
e is weakly 
onvergent (to the same limit)

xn → x ⇒ xn
w→ x

Theorem

Weakly 
onvergent sequen
es in a Hilbert spa
e are bounded.
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Example

Let

ϕn(x) =
e inx√
2π

, n ∈ Z

The set {ϕn; n ∈ Z} is an orthonormal set in L2([−π, π])
For m 6= n we have

〈ϕm, ϕn〉 =
1

2π

π∫

−π

e i(m−n)xdx =
eπi(m−n) − e−πi(m−n)

2πi(m − n)
= 0

On the other hand

〈ϕn, ϕn〉 =
1

2π

π∫

−π

e i(n−n)xdx = 1

Thus 〈ϕm, ϕn〉 = δmn
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De�nition

An orthonormal sequen
e (xn) in an inner produ
t spa
e E is said to be 
omplete if for every

x ∈ E we have

x =

∞∑

n=1

〈x , xn〉xn (36)

Example

Let H = L2([−π, π]) and let xn(t) =
1√
π
sin nt for n = 1, 2, . . .. The sequen
e (xn) is an

orthonormal set in H. The sequen
e however is not 
omplete. Let us take x(t) = 
os(t) then
we have

∞∑

n=1

〈x , xn〉xn(t) =
∞∑

n=1


 1√

π

π∫

−π


os t sin ntdt


 sinnt√

π
=

∞∑

n=1

0 · sinnt = 0 =

6= 
os t
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Theorem

An orthonormal sequen
e (xn) in a Hilbert spa
e H is 
omplete if and only if for all n ∈ N

〈x , xn〉 = 0 implies x = 0

Example

The orthonormal system

ϕn(x) =
e inx√
2π

, n = 0,±1,±2, . . .

is 
omplete in L2([−π, π])
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Example

The sequen
e of fun
tions

1√
2π

,

os x√

π
,
sin x√

π
,

os 2x√

π
,
sin 2x√

π
, . . .

is a 
omplete orthonormal system in L2([−π, π]).
The orthogonality follows from the following identities by simple integration:

2 
os nx 
osmx = 
os(n +m)x + 
os n −m)x

2 sin nx sinmx = 
os(n −m)x − 
os(n +m)x

2 
os nx sinmx = sin(n +m)x − sin(n −m)x

Sin
e

π∫
−π


os

2 xdx =
π∫

−π
sin

2 xdx = π the sequen
e is also orthonormal.

Completeness follows from 
ompleteness of previous example in view of the following identities

e0 = 1 and e inx = (
os nx + i sinnx)
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De�nition

A Hilbert spa
e is 
alled separable if it 
ontains a 
omplete orthonormal sequen
e.

Finite dimensional Hilbert spa
es are 
onsidered separable.

Example

Spa
e L2([−π, π]) is separable.

Example

Spa
e ℓ2 is separable.

Theorem

Every separable Hilbert spa
e 
ontains a 
ountable dense subset.

Theorem

Every orthogonal set in a separable Hilbert spa
e is 
ountable.
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In applied mathemati
s equations 
an be often written as operator equations of the form

Tx = x (37)

where T is an operator in a Hilbert spa
e and x unknown.
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