
1 Linear independene of vetors, spanning sets and bases

1. Whih of the following sets of vetors in R4
are linearly independent, (a generating set, a basis)?

(a) (1, 1, 1, 1), (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 0, 1)

(b) (1, 0, 0, 0), (2, 0, 0, 0)

() (17, 39, 25, 10), (13, 12, 99, 4), (16, 1, 0, 0)

(d) (1, 1

2
, 0, 0), (0, 0, 1, 1), (0, 1

2
, 1

2
, 1), (1

4
, 0, 0, 1

4
)

Extend the linearly independent sets to bases.

2. Are the vetors x1 = (1, 0, 1); x2 = (i, 1, 0); x3 = (i, 2, 1 + i) linearly independent in C3
? Express x = (1, 2, 3) and

y = (i, i, i) as linear ombinations of x1, x2, x3.

3. Let S be any set and onsider the set of maps

f : S → F
n

suh that f(x) = 0 for all but �nitely many x ∈ S. Make this set into vetor spae (denoted by C(S,Fn)). Construt
a basis for this vetor spae.

4. Consider the set of polynomial funtions f : R → R,

f(x) =

n∑

i=0

αix
i.

Make this set into a vetor spae, and onstrut a natural basis.

5. Let (ξ1, ξ2, ξ3) be an arbitrary vetor in F3
. Whih of the following subsets are subspaes?

(a) all vetors with ξ1 = ξ2 = ξ3

(b) all vetors with ξ3 = 0

() all vetors with ξ1 = ξ2 − ξ3

(d) all vetors with ξ1 = 1

6. Find subspaes Fa, Fb, Fc, Fd generated by the sets of previous exerise, and onstrut bases for these subspaes.

7. Find omplementary spaes for subspaes of previous problem and onstrut bases for these omplementary spaes.

Show that there exists more then one omplementary spae for eah given subspae.

8. Show that

(a) F3 = Fa + Fb

(b) F3 = Fb + Fc

() F3 = Fa + Fc

Find the intersetions Fa ∩ Fb, Fb ∩ Fc, Fa ∩ Fc and deide in whih ases the sums above are diret.

9. Let (x1, x2) be a basis of a 2-dimensional vetor spae. Show that the vetors

x̃1 = x1 + x2, x̃2 = x1 − x2

again form a basis. Let (ξ1, ξ2) and (ξ̃1, ξ̃2) be the omponents of a vetor x relative to the bases (x1, x2) and

(x̃1, x̃2) respetively. Express the omponents (ξ̃1, ξ̃2) in terms of the omponents (ξ1, ξ2).

10. Consider an n-dimensional omplex vetor spae E. Sine the multipliation with real oe�ients in partiular is

de�ned in E, this spae may also be onsidered as a real vetor spae. Let (z1, . . . , zn) be a basis of E. Show that

the vetors z1, . . . , zn, iz1, . . . , izn form a basis of E if E onsidered as a real vetor spae.
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