Linear transformations

. Is the following transformation linear?

(a) T:R® - R3, T([w1,22,23)) = [471 + 320, 2%, 29 — 423).
(b) T:R® - R®  T([x1, 22,23, 24,75, 26]) = [0, 221 — 2 + 3x3, —22 — 45,0, 21 + 3,0].

. Which of the given transformations of the vector space of continuous real-valued functions is linear?

(a) T: C(R) = C(R), [T(g)l(x) = g(sinz),
(b) T: C(R) = C(R), [T(9)l(x) = sin(g(x)),

where g € C(R), x € R
. Linear transformation ¢: R? — R? is given by the following mapping. Find o([z1, 2]).

(a) [3,4] — [3,5,7], [4,5] —[4,7,9]
(b) [3ﬂ7]‘] - [2a575]7 [5772] - [3a079]

. Linear transformation ¢: R? — R3 is given by the following mapping. Find ¢([x1, z2, 23)]).

(a) [1,0,0] — [2,1,1], [1,1,0] = [7,4,2], [1,1,1] — [4,0,3]
(b) [3,1,1] = [4,3,3], [4,1,4] > [5,9,1], [5,1,3] = [6,7,3]

. Check if there exists linear transformation ¢: R? — R? such that:

(a) [2,4,3] > [1,3], [1,5,4] = [0,3], [9,3,1] — [7,6]
(b) [3,2,1] — [3,1], [4,1,5] = [7,2], [7,8,—5] = [1,1]

. Show that every linear transformation maps linearly dependent set of vectors onto linearly dependent set. Is the
similarly formulated theorem for the linearly independent set true?

Kernel and image of a linear transformation

. Find the kernel and the image and the rank of the linear transformation 7: R* — R3 given by the formula
T([x1,x2, 3, x4]) = [X1 + 223 + 4, —2x1 + T2 — 3T3 — BTy, x1 — T2 + X3 + d4)

. Find two different bases of the image of the linear transformation 7: R® — R* given by the formula wzorem
T([$1,$2, XT3, T4, $5]) = [.T1 + 29 — T3, —T1 + 2$2 + 3$3 — X4, 31‘2 + 21‘3 — T4 — T5, 2$4]

. Write down the formula of the linear transformation 7': R* — R3 such that 7'([-1,1, —1,1]) = [0,2,1],7([1,0,1,0]) =
[1,1,2] and ker(T') = {[z,0,0,t]; z,t € R}.

Matrix representation of a linear transformation

. Linear transformation ¢: R? — R? is given by the formula o[r1,22]) = [471 — 22,721 — 3x2] Find its matrix
Mpc(p), if the bases B i C are:
(a) ([1,0],[0,1]), ([L,0],[0,1])
(b) ([1,—1},[0,—1]), ([1,2],[1,3])
(c) ([1,1],[1,2]), ([2,1],[3,1])

. Linear transformation ¢: R? — R? is given by the formula ¢[z1, 22, ¥3]) = [¥1 + 72, 21 + 272 — 23] Find the matrix
Mpc(p), if bases B i C are equal to:

(a) ([2,-1,0],[1,3,2],[0,4,1]), ([1,0],[0,1])
(b) ([351’1]’[5’1a6]5[45_1a2])5 ([—1,1],[1,0])

. Linear transformation : R? — R? is given by the matrix Mpc(p). Calculate ¢([x1,x2]) if

(a) B=C=([1,0],[0,1]), Msc(yp) = { é i§ }

(b) B = (8,2, [7.1)), € = (6.7}, [4,5)), Mac(¢) = { D }



Change of basis matrix

. Using the definition find the change of basis matrix from the basis B to the basis B’ of the vector space R?, if

(a) B=([1,1, [3,2)), B =([3,4], [9,8])
(b) B=([7,3], [9,4]), B =([1,0], [6,7])

. Find the change of basis matrix from the basis B to the basis B’ of the vector space R?, if

(a) B=([4,5], [7,8]), B =([7,11], [1,5])
(b) B= ([&3]5 [3’5])’ B = ([1,0], [4’ 1])

. Change of basis matrices B from the basis B’ and from the basis B to the basis B” are equal to [ ; —11 } i

{ 513 ? ] . Find the change of basis matrix from the basis B’ to the basis B”.

0 } i { 51 ] Find the change

. Change of basis matrices from B to B” and from B’ to B” are equal to { g 11 11

of basis matrix from B to B”.

Matrix of linear transformation in different bases

4 3 5

. Linear transformation ¢: R® — R? is given by the matrix Mpc(p) = [ L1 1

} Find the matrix Mpc (), if
(a) B=([4,5,1],[1,1,1],[3,0,5]), C = ([4,4],[-4,-5]) B'=([6,4,5],[4,1,6],[5,2,7]), C'=([0,1],[4,3])

(b) B=(4,4,1],[3,0,1],[4,3,1]), C=([1,2],[2,-1]) B'=([4,4,1],[5,8,1],[3,1,1]), C' =([3,1],[-5,0])

. Linear transformation ¢: R? — R3? is given by the following mapping. Find ¢([x1, x2])

(a) [4,5] = [-1,2,5], [5,7] — [-2,1,4]
(b) [1,-2] —[1,3,1], [3,—5] — [6,10,4]



