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The system of di�erential equations
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+ . . .+ kn

is alled the order of system (1)
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Example

Example

Bring into anonial form the system of equations

{

y
2

y ′
1

− ln(y ′′
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− y
1

) = 0

ey
′

2 − y
1

− y
2

= 0.
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Example

Example

Bring into anonial form the system of equations

{

y
2

y ′
1

− ln(y ′′
1

− y
1

) = 0

ey
′

2 − y
1

− y
2

= 0.

Solution

{

y ′′
1

= y
1

+ ey2y
′

1

y ′′
2

= ln(y
1

+ y
2

).
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A system of �rst order di�erential equations of the form

dxk

dt
= fk(t, x , x1, x2, . . . , xn), k = 1, 2, . . . , n (2)

where t is an independent variable x
1

, x
2

, . . . , xn are unknown funtions of t is alled a

normal system.

The number n is alled the order of the normal system.

Two systems of di�erential equations are said to be equivalent if they have the same

solutions.

Any anonial system an be redued to the equivalent normal system, the order of the

system remaining the same.
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Example

Example

Redue to the normal system the following system of di�erential equations

{

d2x
dt2

− y = 0,

t3 dy
dt

− 2x = 0.
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Example

Example

Redue to the normal system the following system of di�erential equations

{

d2x
dt2

− y = 0,

t3 dy
dt

− 2x = 0.

Solution
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dt
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,
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dt
= 2x

1

t3
.
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The aggregate of any n funtions

x
1

= ϕ
1

(t), x
2

= ϕ
2

(t), . . . , xn = ϕn(t),

de�ned and ontinuously di�erentiable in an interval (a, b) is said to be a solution of

system (2) in the interval (a, b) if they transform the equations of system (2) into

identities for all values of t ∈ (a, b)

The name of the Cauhy problem for system (2) is given to the problem of �nding the

solutions

x
1

= x
1

(t), x
2

= x
2

(t), . . . , xn = xn(t),

of this system satisfying the initial onditions

x
1

(t
0

) = x0
1

, x
2

(t
0

) = x0
2

, . . . , xn(t0) = x0n , (3)

where t
0

, x0
1

, . . . , x0n being the given numbers.
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The existane and uniqueness theorem for the Cauhy problem.

Theorem

Consider a normal system of di�erential equations (2) and funtions fi(t, x1, x2, . . . , xn),
i = 1, 2, . . . , n de�ned in some (n+ 1)-dimensional domain D of the variables t, x

1

, x
2

, . . . , xn If

there is a neighbourhood Ω of a point M
0

(t
0

, x0
1

, x0
2

, . . . , x0n ) in whih the funtions fi

are ontinuous and

have bounded partial derivatives with respet to the variables x
1

, x
2

, . . . , xn,

then there is a range t
0

− h < t < t
0

+ h of t in whih there exists a unique solution of the

normal system (2) satisfying initial onditions (3)
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A system of n independent funtions

xi = xi(t,C1

,C
2

, . . . ,Cn), i = 1, 2, . . . , n (4)

of the independent variable t and n arbitrary onstants C
1

,C
2

, . . . ,Cn is said to be the general

solution of the normal system (2) if

for any allowed values of C
1

,C
2

, . . . ,Cn the system of funtions (4) transforms equations

(2) into identities

in the domain satisfying the onditions of the Cauhy theorem funtions (4) give a

solution to any Cauhy problem.

Solutions obtained from general solution for partiular values of onstants C
1

,C
2

, . . .Cn are

alled partiular solutions.
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Remark

Not every system of di�erential equations an be redued to one equation.

Remark

If the number of equations in a system is equal to n and the number of desired funtions is

equal to N with N > n, then the system is indeterminate. In this ase it is possible to hoose

arbitrarily N − n desired funtions and from them to �nd the remaining n funtions

Remark

If a system onsists of n equations and the number of desired funtions is N, with N < n, then

this system may be found to be inompatible, i.e. to have no solution.
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The method of elimination

A partiular ase of a anonial system of di�erential equations is one equation of the n-th

order solved for a higher derivatives

x(n) = f (t, x , x ′, . . . , x(n−1)).

Introduing new funtions

x
1

= x ′(t), x
2

= x ′′(t), . . . , xn−1

= x(n−1)(t)

replaes this equation by a normal system of n equations



























dx
dt

= x
1

,
dx

1

dt
= x

2

,

. . .
dxn−2

dt
= xn−1

,
dxn−1

dt
= f (t, x , x

1

, x
2
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The inverse statement is true , that in general a normal system of n �rst order equations



















dx
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dt
= f

1

(t, x
1

, x
2

, . . . , xn),
dx

2

dt
= f

2

(t, x
1

, x
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, . . . , xn),
.

.

.

dxn
dt

= fn(t, x1, x2, . . . , xn)

is equivalent to one equation of order n. This provides a basis for one of the methods of

integrating systems of di�erential equations, for the method of elimination.
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Example

Consider a system of two equations

dx

dt
= ax + by + f (t),

dy

dt
= cx + dy + g(t), (5)

where a, b, c , d are onstants, f (t), g(t) are given funtions x(t), y(t) are desired funtions.

We �nd, that

y =
1

b

(

dx

dt
− ax − f (t)

)

. (6)

Substituting in the seond equation we obtain an equation of the seond order in x(t)

A
d2x

dt2
+ B

dx

dt
+ Cx + P(t) = 0, (7)

where A,B ,C being onstants. Hene

x = x(t,C
1

,C
2

)

M.W. (CNMiKnO PG Gda«sk) Leture 2011-2017 13 / 32



Example

Example

Solve the system of equations

{

dx
dt

= y + 1,
dy
dt

= x + 1
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Example

Example

Solve the system of equations

{

dx
dt

= y + 1,
dy
dt

= x + 1

Solution

{

x = C
1

et + C
2

e−t − 1

y = C
1

et − C
2

e−t − 1.
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Example

Example

Solve Cauhy problem for the system of equations

{

dx
dt

= 3x + 8y ,
dy
dt

= −x − 3y ,

x(0) = 6, y(0) = −2.
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Example

Example

Solve Cauhy problem for the system of equations

{

dx
dt

= 3x + 8y ,
dy
dt

= −x − 3y ,

x(0) = 6, y(0) = −2.

Solution

{

x = 4et + 2e−t

y = −et − e−t .
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Exerise

1

{

dx
dt

= 3− 9y ,
dy
dt

= x ,

2

{

dx
dt

= y + t,
dy
dt

= x − t,

3

{

dx
dt

+ 3x + 4y = 0,
dy
dt

+ 2x + 5y = 0,

x(0) = 1, y(0) = 4

4







dx
dt

= −y + z ,
dy
dt

= z ,
dz
dt

= −x + z ,

M.W. (CNMiKnO PG Gda«sk) Leture 2011-2017 16 / 32



A funtion ψ(t, x
1

, x
2

, . . . , xn) de�ned and ontinuous together with its �rst order partial

derivatives

∂ψ
∂t
,

∂ψ
∂xk

, k = 1, 2, . . . , n in domain D is said to be the integral of a normal system

(2) if, when an arbitrary solution x
1

(t), x
2

(t), . . . , xn(t) of system (2) is substituted in it the

funtion takes a onstant value, i.e. the funtion ψ(t, x
1

, x
2

, . . . , xn) depends only on the

hoie of a solution x
1

(t), x
2

(t), . . . , xn(t), not on the variable t.

A �rst integral of a normal system (2) is the equation

ψ(t, x
1

, x
2

, . . . , xn) = C , (8)

where ψ(t, x
1

, x
2

, . . . , xn) is an integral of system (2) and C is an arbitrary onstant.
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Example

Show that a funtion

ψ(t, x
1

, x
2

) =
x
2

t
− x

1

,

de�ned in the domain D : t 6= 0, −∞ < x
1

, x
2

< +∞ is an integral of the system of equations

{

dx
1

dt
= x

1

t
dx

2

dt
= x

1

+ x
2

t

if the the general solution of the system is

x
1

= C
1

t, x
2

= C
1

t2 + C
2

t.
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Theorem

For a funtion ψ(t, x
1

, x
2

, . . . , xn) to be an integral of system (2) it is neessary and su�ient

that the onditions

∂ψ

∂t
+

n
∑

k=1

fk(t, x1, x2, . . . , xn)
∂ψ

∂xk
= 0 (9)

should hold in the domain D.
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Example

Show that the funtion

ψ(t, x
1

, x
2

, . . . , xn) = artan

x
1

x
2

− t

is an integral of the system of equations

dx
1

dt
=

x2
1

x
2

,
dx

2

dt
= −

x2
2

x
1

.
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Integrals ψ
1

, ψ
2

, . . . , ψn of system (2) are said to be independent with respet to desired

funtions x
1

, x
2

, . . . , xn if there exists no relation of the form F (ψ
1

, ψ
2

, . . . , ψn) = 0 between

the funtions ψ
1

, ψ
2

, . . . , ψn for any hoie of the funtion F not depending expliitly on

x
1

, x
2

, . . . , xn
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Theorem

For funtion ψ
1

, ψ
2

, . . . , ψn having partial derivatives

∂ψi

∂xk
, i , k = 1, 2, . . . , n to be independent

with respet to x
1

, x
2

, . . . , xn in some domain D it is neessary and su�ient that Jaobian of

these funtions should be nonzero in the domain D

D(ψ
1

, ψ
2

, . . . , ψn)

D(x
1

, x
2

, . . . , xn)
=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂ψ
1

∂x
1

∂ψ
1

∂x
2

. . . ∂ψ
1

∂xn
∂ψ

2

∂x
1

∂ψ
2

∂x
2

. . . ∂ψ
2

∂xn
.

.

.

.

.

. . . .
.

.

.

∂ψn

∂x
1

∂ψn

∂x
2

. . . ∂ψn

∂xn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6= 0.
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The general integral of a normal system (2) is an aggregate of n independent �rst integrals

of that system.

If k independent �rst integrals of system (2) are known, with k < n, then its order an be

depressed by k .
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Exerises

1

Examine if the given funtion ψ is the �rst integral of the given system of di�erential

equation

{

dx
1

dt
=

x2
1

x
2

,
dx

2

dt
= x

2

− x
1

;

ψ = x
1

x
2

e−t .

2

Examine if the given pairs of funtions form system of independent �rst integrals of the

given system of di�erential equations

{

dx
dt

= t−y
y−x

,
dy
dt

= x−t
y−x

;

x + y + t = C
1

, x2 + y2 + t2 = C
2
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Integrable ombinations

This method of integrating a system of di�erential equations

dxk

dt
= fk(t, x1, x2, . . . , xn), k = 1, 2, . . . , n (10)

is as follows: using suitable arithmeti operations (addition, subtration, multipliation and

division) one an form system (10) the so-alled integrable ombinations, i.e. equations of the

form

F (t, u,
du

dt
) = 0 (11)

that an be solved easily enough, u being some funtion of desired funtions

x
1

(t), x
2

(t), . . . , xn(t). Eah integrable ombination gives one �rst integral. If n independent

�rst integrals of system (10) are obtained, then its integration is omplete. If m independent

�rst integrals are obtained, where m < n than system (10) is redued to a system with smaller

number of unknown funtions.
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Examples

Example

Solve the system

{

dx
1

dt
= 2(x2

1

+ x2
2

)t,
dx

2

dt
= 4x

1

x
2

t;

Example

Solve the system











dx
1

dt
= x

1

−x
2

x
3

−t
,

dx
2

dt
= x

1

−x
2

x
3

−t
,

dx
3

dt
= x

1

− x
2

+ 1.
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Example

Find a partiular solution of the system

{

dx
dt

= 1− 1

y
,

dy
dt

= 1

x−t

satisfying the initial onditions x(0) = 1, y(0) = 1
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Exerises

Solve the following systems of di�erential equations

1

{

dx
dt

= x2 + y2,
dy
dt

= 2xy ;

2

{

dx
dt

= x
y
,

dy
dt

= y
x
;
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To �nd integrable ombinations in solving the system of di�erential equations (10) it is

sometimes onvenient to write it in the symmetri form

dx
1

f
1

(t, x
1

, x
2

, . . . , x + n)
=

dx
2

f
2

(t, x
1

, x
2

, . . . , x + n)
= (12)

= . . . =
dxn

fn(t, x1, x2, . . . , x + n)
=

dt

1

.

In the system of di�erential equations written in the symmetri form, the variables

t, x
1

, x
2

, . . . , xn are equivalent, whih in some ases simpli�es �nding integrable ombinations.
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To solve system (12) one may either take pairs of relations allowing separation of the variables

or use the derived proportions

a
1

b
1

=
a
2

b
2

= . . . =
an

bn
=
λ
1

a
1

+ λ
2

a
2

+ . . .+ λnan

λ
1

b
1

+ λ
2

b
2

+ . . .+ λnbn
(13)

where oe�ients λ
1

, λ
2

, . . . , λn are arbitrary and hosen so that the numerator should be the

di�erential of the denominator or so that numerator be the total di�erential and the

denominator should be equal to zero.
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Examples

Example

Find the general solution of the system of equations

dt

2x
=

dx

− ln t
=

dy

ln t − 2x
.

Example

Solve the system of equations

dt

4y − 5x
=

dx

5t − 3y
=

dy

3x − 4t
.
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Examples

Example

Find the general solution of the system of equations

dt

2x
=

dx

− ln t
=

dy

ln t − 2x
.

Solution: x = ±
√

C
1

+ t(ln t − 1), y = C
2

− t ±
√

C
1

+ t(ln t − 1).

Example

Solve the system of equations

dt

4y − 5x
=

dx

5t − 3y
=

dy

3x − 4t
.
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Examples

Example

Find the general solution of the system of equations

dt

2x
=

dx

− ln t
=

dy

ln t − 2x
.

Solution: x = ±
√

C
1

+ t(ln t − 1), y = C
2

− t ±
√

C
1

+ t(ln t − 1).

Example

Solve the system of equations

dt

4y − 5x
=

dx

5t − 3y
=

dy

3x − 4t
.

Solution: 3t + 4x + 5y = C
1

, t2 + x2 + y2 = C
2

.
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Exerises

Solve the following systems of di�erential equations:

1

dt

t
=

dx

x
=

dy

y
,

2

dt

xy
=

dx

yt
=

dy

xt
,

3

{

dx
dt

= 3t−4y
2y−3x

,
dy
dt

= 4x−2t
2y−3x

.
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