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First order partial di�erential equations
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Linear partial di�erential equations of seond order.
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De�nition

The equation of the form

F (x
1

, x
2

, . . . , xn, u,
∂u

∂x
1

, . . . ,
∂u

∂xn
,
∂2u

∂x2
1

,
∂2u

∂x
1

∂x
2

, . . .) = 0 (1)

where u is unknown funtion of two (or more) variables and where at least one partial

derivatives ours we all a partial di�erential equation.

De�nition

The order of higher derivative of the sought-for funtion ourring in partial di�erential

equation we will all the order of di�erential equation.
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Classi�ation of equations

aording to the order

�rst order

F (x
1

, x
2

, . . . , xn, u,
∂u

∂x
1

, . . . ,
∂u

∂xn
) = 0 (2)

or

F (x
1

, x
2

, . . . , xn, u,
∂u

∂xj
) = 0, j = 1, 2, . . . , n (3)

m-th order

F (x
1

, x
2

, . . . , xn, u,
∂ku

∂xk1
1

∂xk2
2

. . . ∂xknn
) = 0, (4)

k
1

+ k
2

+ . . .+ kn = k , k = 1, 2, . . . ,m, (m ≥ 1, n ≥ 2)
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aording to the number of variables

∂2u

∂x2
− ∂u

∂y
= os x

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0

aording to the form of the funtion F

linear equations

quasilinear equations

almost linear equations

homogeneous and nonhomogeneous

P(x , y , x)ux + Q(x , y , x)uy + R(x , y , x)uz = f (x , y , z)

If f (x , y , x) ≡ 0 then we all the above equation homogeneous.
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We all a partial di�erential equation a linear equation, if F is linear in u and its derivatives

Example

n∑

i=1

ai
∂u

∂xi
+ bu + c = 0

where a, b, c are funtions of variables (x
1

, x
2

, . . . , xn).

Example

n∑

i=1

n∑

k=1

aik
∂2u

∂xi∂xk
+

n∑

j=1

bj
∂u

∂xj
+ cu + d = 0
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We all a partial di�erential equation a quasilinear if F is linear in partial derivatives of m-th

order of funtion u

Example

n∑

i=1

ai (x1, x2, . . . , xn, u)
∂u

∂xi
+ b(x

1

, x
2

, . . . .xn, u) = 0

Example

x
∂u

∂y
+ yu

∂u

∂x
= 0
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We all a partial di�erential equation an almost linear equation, if it is quasilinear and its

oe�ients belonging to derivatives of m-th order are dependent only on x
1

, x
2

, . . . , xn

Example

n∑

i=1

ai(x1, x2, . . . , xn)
∂u

∂xi
+ b(x

1

, x
2

, . . . .xn, u) = 0
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De�nition

The partiular integral (partiular solution) of a partial di�erential equation of n-th order in

domain D, we will all a Cn
funtion in domain D, satisfying the equation in every point of the

domain D.

De�nition

The general integral (general solution) of a partial di�erential equation, we will all the family

of all partiular integrals.

Remark

A general integral depends on some number of any regular enough funtions, where eah

funtion depends on the same number of arguments whih is one less then the number of

arguments of a solution.
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The Cauhy Problem (the Initial-value Problem)

Let us onsider the equation of the form

∂u

∂x
= f

1

(x , y , z , u,
∂u

∂y
,
∂u

∂z
) (5)

The Cauhy Problem we all a problem of �nding a partiular solution u = u(x , y , z) of the
above equation in the domain D

1

⊂ E
3

satisfying initial-value ondition of the form

u(x
0

, y , z) = ϕ(y , z)

f
1

= f
1

(x , y , z , u, p, q) - some given funtion in the domain Ω
1

⊂ E
6

Both number x
0

and funtion ϕ(y , z) de�ned in the domain D ′

1

are given. (D ′

1

is a projetion

of the domain D
1

onto Oyz)
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Remark

The ondition u(x
0

, y , x) = ϕ(y , z) means that the equation u(x , y , z) takes given values on

the plane x = x
0

.

Remark

In ase of an unknown funtion u = u(x , y) the Cauhy Problem

ux = f (x , y , u, uy ), u(a, y) = ϕ(y) means of �nding an integral surfae of the equation

ux = f (x , y , u, uy ), whih intersets the plane x = a through given urve u = ϕ(y).
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De�nition

We all a funtion f analytial in the neighbourhood of some point x
0

, if

∀
x∈U

f (x) =

∞∑

n=0

a
0

(x − x
0

)n (6)

Remark

An analytial funtion in the neighbourhood of the point x
0

has in that neighbourhood

derivatives of all orders, moreover for every natural number

an =
f (n)

n!

Then the series (6) we all the Taylor series.
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Theorem

If

1

the funtion f
1

(v
1

, . . . , v
6

) is analytial in some neighbourhood of the point

(x
0

, y
0

, z
0

, x0
4

, x0
5

, x0
6

) ∈ Ω
1

2

the funtion ϕ(y , z) is analytial in some neighbourhood of the point (y
0

, t
0

) ∈ D
1

then there exists a neighbourhood of the point (x
0

, y
0

, z
0

) ∈ D
1

in whih the Cauhy Problem

of the equation (5) has a unique analytial solution.

Theorem

If

1

the funtion f
1

(v
1

, . . . , v
18

) is analytial in some neighbourhood of the point

(x
0

, y
0

, z
0

, x0
4

, x0
5

, . . . , x0
18

) ∈ Ω
2

2

the funtions ϕ(y , z , t), ψ(y , z , t) are analytial in some neighbourhood of the point

(x
0

, y
0

, x
0

, t
0

) ∈ D
2

then there exists a neighbourhood of the point (x
0

, y
0

, z
0

, t
0

) ∈ D
2

where the Cauhy Problem

of equation (5) has a unique analytial solution.
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(Homogeneous) Linear Equation

Let us onsider the equation

P(x , y , z)
∂u

∂x
+ Q(x , y , z)

∂u

∂y
+ R(x , y , x)

∂u

∂z
= 0 (7)

where at least one of the funtions P ,Q,R is not identially equal zero in the domain D. Let

us onsider the following system of ordinary di�erential equations, whih is losely related with

the system of equations (7)

dx

P(x , y , z)
=

dy

Q(x , y , z)
=

dz

R(x , y , z)
(8)

Theorem

If the funtion u = ϕ(x , y , z) is a solution of partial di�erential equation (7) in the domain D,

then the funtion ϕ(x , y , z) is a �rst integral of the system (8)
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Theorem

If the C 1

funtion ϕ(x , y , z) is a �rst integral of the system of ordinary di�erential equations

(8), then the funtion u = ϕ(x , y , z) is a solution of equation (7).

Theorem

If the C 1

funtions ϕ
1

(x , y , z), ϕ
2

(x , y , z) are independent �rst integrals of the system (8),

then u = F (ϕ
1

(x , y , z), ϕ
2

(x , y , z)), where F (ξ
1

, ξ
2

) is any C 1

funtion in some plane domain,

is an integral (a solution) of di�erential equation (7).
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Remark

We all the system of ordinary di�erential equations (8) the system of harateristis of the

equation (7) and the solutions of the system (�rst integrals) harateristis of that equation.

Example

Find the general solution of the equation

x
∂u

∂x
+ y

∂u

∂y
+ z2y

∂u

∂z
= 0

with unknown funtion u, where u = u(x , y , z).
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Remark

In ase of a homogeneous linear equation of the form

P(x , y)
∂u

∂x
+ Q(x , y)

∂u

∂y
= 0

with an unknown funtion u = u(x , y) the system of harateristis redues to one di�erential

equation

dx

P
=

dy

Q
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Example

Find the integral surfae of the equation

y
∂u

∂x
+ 2x

∂u

∂y
= 0

passing through the urve

u =
1

2

y2, for x = 0
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The Quasilinear equations

Let us onsider the equation of the form

P(x , y , u)
∂u

∂x
+ Q(x , y , u)

∂u

∂y
− R(x , y , u) = 0 (9)

where P ,Q,R are some C 1

funtions in the domain D ⊂ E
3

, and u = u(x , y) is an unknown

funtion. Let us assume that one of the funtions P or Q is not equal to zero in the whole

domain D. Let the funtion v(x , y , u) be the C 1(D) funtion, and ∂v
∂u

6= 0 in some

neighbourhood of the point p
0

∈ D. Let the funtion u = u(x , y) be impliitly de�ned by the

formula v(x , y , u) = 0 satisfying the equation

P
∂u

∂x
+ Q

∂u

∂y
= R (10)

Then the funtion v(x , y , u) is a solution (in the neighbourhood of p
0

∈ D) of a homogeneous

equation
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Remark

If the C 1

funtions ϕ
1

(x , y , u) and ϕ
2

(x , y , u) are in the neighbourhood of the point p
0

independent �rst integrals of the systems of harateristis of the equation

P(x , y , u)∂v
∂x

+ Q(x , y , z)∂v
∂y

+ R(x , y , u)∂v
∂u

= 0 then the relation

F (ϕ
1

(x , y , u), ϕ
2

(x , y , u)) = 0, where F (ξ
1

, ξ
2

) is some C 1

funtion in some plane domain,

onsisting of all solutions of the equation P ∂u
∂x

+ Q ∂u
∂y

= R in su�iently small neighbourhood

of the point p
0

.

Example

Solve the equation

(1+
√
u − x − y)

∂u

∂x
+
∂u

∂y
= 2
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Remark

The nonhomogeneous linear equation P(x , y)∂u
∂x

+Q(x , y)∂u
∂y

= R(x , y) with an unknown

funtion u(x , y), we an solve similarly to the equation of the form

P(x , y , u)∂u
∂x

+ Q(x , y , u)∂u
∂y

= R(x , y , u)

Example

Solve the equation

∂u

∂x
+
∂u

∂y
= 1

Example

Find the solution passing through the urve

2yu
∂u

∂x
− 2

∂u

∂y
+ y = 0

y2 − 4u2 = 36, x + u = 5
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Partial di�erential equations of seond order.

De�nition

The equation of the form

A(x , y)∂
2u

∂x2
+ 2B(x , y) ∂2u

∂x∂y
+ C (x , y)∂

2u
∂y2

+

D(x , y)∂u
∂x

+ E (x , y)∂u
∂y

+ F (x , y)u + G (x , y) = 0

(11)

we all a linear partial di�erential equations of seond order with an unknown funtion

u = u(x , y), where A,B ,C ,D,E ,F ,G are C 1(Ω,R) funtions, and A2 + B2 + C 2 > 0 (i.e.

funtions A,B ,C do not vanish simultaneously at any point of the domain Ω
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Classi�ation of equations of the above form aording to oe�ients belonging to derivatives

of the seond order (A,B ,C )

Let us introdue the following notation

δ(x , y) = A(x , y)C (x , y) − B2(x , y) equation disriminant (12)

De�nition

1

If ∀(x ,y)∈Ω δ(x , y) < 0 then we all the equation (11) a hyperboli equation.

2

If ∀(x ,y)∈Ω δ(x , y) = 0 then we all the equation (11) a paraboli equation.

3

If ∀(x ,y)∈Ω δ(x , y) > 0 then we all the equation (11) an ellipti equation.
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Examples

Example

The wave equation

∂2u

∂x2
− ∂2u

∂y2
= 0, u = u(x , y)

is an example of a hyperboli equation.

(A = 1,B = 0,C = −1) δ = −1− 0

2 = −1 < 0

M.W. (CNMiKnO PG Gda«sk) Leture 2013-2016 24 / 37



Example

The heat equation

∂2u

∂x2
− ∂u

∂t
= 0, u = u(x , t)

is an example of a paraboli equation.

(A = 1,B = 0,C = 0) δ = 0− 0

2 = 0
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Example

The Laplae equation

∂2u

∂x2
+
∂2u

∂y2
= 0, u = u(x , y)

is an example of an ellipti equation.

(A = C = 1,B = 0) δ = 1
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Remark

If disriminant of equation has no �xed sign in the domain Ω than we say that equation (11) is

of mixed type.

Example

The Trionny equation

y
∂2u

∂x2
+
∂2u

∂y2
= 0

is a mixed type equation

A(x , y) = y ,B = 0,C = 1

1 y < 0 ⇒ δ(x , y) < 0 hyperboli equation,

2 y = 0 ⇒ δ(x , y) = 0 paraboli equation,

3 y > 0 ⇒ δ(x , y) > 0 ellipti equation.
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De�nition

We all a real map suh that ξ = ϕ
1

(x , y), η = ϕ
2

(x , y) an a�ne map in the domain Ω if and

only if the following onditions in the domain are ful�lled

1 ϕ
1

, ϕ
2

are C 2

funtions

2

Jaobian of the map ξ = ϕ
1

(x , y), η = ϕ
2

(x , y) D(ξ,η)
D(x ,y) 6= 0 at every point of Ω

Theorem

The type of the equation (11) is invariant of an a�ne transformation.
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Charateristis of the equation with two variables

De�nition

As harateristis of the equation (11) we all integral urves of the ordinary di�erential

equations

Ady2 − 2Bdxdy + Cdx2 = 0 (13)

so the equations

1 δ < 0

dy

dx
=

−B −
√
−δ

A
,

dy

dx
=

−B +
√
−δ

A
, A 6= 0

dx

dy
=

−B −
√
−δ

C
,

dx

dy
=

−B +
√
−δ

C
, C 6= 0

y = C
1

, x = C
2

, A = C = 0
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De�nition

2 δ = 0

dy

dx
=

B

A

3 δ > 0

dy

dx
=

−B − i
√
δ

A
,

dy

dx
=

−B + i
√
δ

A
, A 6= 0
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Example

Find harateristis of the equation

x2
∂2u

∂x2
+ y2

∂u

∂y2
= 0

Example

Find harateristis of the equation

x2
∂2u

∂x2
+ 2xy

∂2u

∂x∂y
+ y2

∂u

∂y2
= 0

Example

Find harateristis of the equation

y2
∂2u

∂x2
+ x2

∂u

∂y2
= 0
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Canonial form of the equation with two variables

Theorem

There exists a�ne mapping ξ = ϕ
1

(x , y), η = ϕ
2

(x , y), whih transforms equation (11) to one

of the following anonial forms

1 δ < 0

∂2u

∂x2
− ∂2u

∂y2
+ · · · = 0,

∂2u

∂ξ∂η
+ · · · = 0

2 δ = 0

∂2u

∂ξ2
+ · · · = 0,

∂2u

∂η2
+ · · · = 0

3 δ > 0

∂2u

∂ξ2
+
∂2u

∂η2
+ · · · = 0

· · · � denotes omponents not ontaining partial derivatives of seond order of the

unknown funtion
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Remark

Introduing new variables

µ =
1

2

(ξ + η), ν =
1

2

(ξ − η)

and using previous anonial form we an transform the equation (11) to the seond anonial

form

∂2u

∂µ2
− ∂2u

∂ν2
+ · · · = 0 (14)

M.W. (CNMiKnO PG Gda«sk) Leture 2013-2016 33 / 37



Example

Example

Transform the equation to the anonial form

∂2u

∂x2
+ 2

∂2u

∂x∂y
+ 5

∂2y

∂y2
= 0
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Example

Example

Transform the equation to the anonial form

∂2u

∂x2
− 2

∂2u

∂x∂y
− 3

∂2y

∂y2
= 0
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Example

Example

Transform the equation to the anonial form

∂2u

∂x2
+ 2xy

∂2u

∂x∂y
+ y2

∂2y

∂y2
= 0
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Example

Example

Transform the equation to the anonial form

∂2u

∂x2
− 2 sin x

∂2u

∂x∂y
− os

2 x
∂2y

∂y2
− os x

∂u

∂y
= 0
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