Lecture

Partial differential equations

M.W.

Mathematics Teaching and Distance Learning Centre
Gdansk University of Technology

2013-2016

M.W. (CNMiKnO PG Gdansk) Lecture 2013-2016 1/37



@ Partial differential equations

© First order partial differential equations

© Linear partial differential equations of second order.
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Definition

The equation of the form

ou ou 9%u  Hu

F —ocoy Ty = =y 000)) = 0 1
(X17X27 7Xn7u7 aXI’ 78Xn78X127aX18X27 ) ()

where u is unknown function of two (or more) variables and where at least one partial
derivatives occurs we call a partial differential equation.

Definition

The order of higher derivative of the sought-for function occurring in partial differential
equation we will call the order of differential equation.
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Classification of equations

@ according to the order
o first order

ou ou

F(Xl,Xz,...,Xn,U,a—Xl,...,a—X"):0 (2)
or 5
F(Xl,XQ,...,Xn,U,a—)l:j) 0,j=1,2,...,n (3)
@ m-th order

oku
F(x1,x2,...,Xn, U, =0, 4
ba-x PRCP N )

kithkot...+ko=k, k=1,2,....m, (m>1,n>2)
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@ according to the number of variables

P oo
ox2 Oy

= cos X
0%u N 0%u N Pu
ox2  dy?  0z2

@ according to the form of the function F

o linear equations
@ quasilinear equations
o almost linear equations

@ homogeneous and nonhomogeneous
P(x,y,x)ux + Q(x,y,x)u, + R(x,y,x)u, = f(x,y,z)

If f(x,y,x) =0 then we call the above equation homogeneous.
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We call a partial differential equation a linear equation, if F is linear in u and its derivatives

Example

3
o5
=

Zaia—)q+bu+C:0

i=1
where a, b, ¢ are functions of variables (xi, x2, ..., xn).
n n n a
ZZa,ka Ox Z 8 +cu+d=0
i=1 k=1 Jj=1
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We call a partial differential equation a quasilinear if F is linear in partial derivatives of m-th
order of function u

n

ou
Za,-(xl,xz,...,x,,, u)a—x + b(x1,x2, ... .Xp,u) =0
5 I

i=1 J
x@—i- u@u 0
ay " Mox T
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We call a partial differential equation an almost linear equation, if it is quasilinear and its
coefficients belonging to derivatives of m-th order are dependent only on x1,x2,..., X,

n
ou
E a,-(xl,xz,...,x,,)7 + b(x1,x2,....Xp,u) =0
I

i=1
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Definition

The particular integral (particular solution) of a partial differential equation of n-th order in
domain D, we will call a C" function in domain D, satisfying the equation in every point of the
domain D.

| A\

Definition
The general integral (general solution) of a partial differential equation, we will call the family
of all particular integrals.

A\,

A general integral depends on some number of any regular enough functions, where each
function depends on the same number of arguments which is one less then the number of
arguments of a solution.
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The Cauchy Problem (the Initial-value Problem)

Let us consider the equation of the form

ou Ou Ou

_:ﬁ(X,y,Z,U,@,E) (5)

ox

The Cauchy Problem we call a problem of finding a particular solution u = u(x,y, z) of the
above equation in the domain D; C E3 satisfying initial-value condition of the form

u(xo, y,2) = ¢(y,z)

f =f(x,y,z,u,p,q) - some given function in the domain Q; C Eg
Both number x and function ¢(y, z) defined in the domain D] are given. (D] is a projection
of the domain D; onto Oyz)
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The condition u(xp, y,x) = ¢(y, z) means that the equation u(x, y, z) takes given values on
the plane x = xg.

Remark

| \

In case of an unknown function u = u(x, y) the Cauchy Problem

ux = f(x,y,u,uy),u(a,y) = ¢(y) means of finding an integral surface of the equation
ux = f(x,y, u, uy), which intersects the plane x = a through given curve u = ¢(y).
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We call a function f analytical in the neighbourhood of some point x, if

Y F(x) =) ao(x —x0)" (6)

n=0

| A\

Remark
An analytical function in the neighbourhood of the point xp has in that neighbourhood
derivatives of all orders, moreover for every natural number

£(n)
an =

n!

Then the series (6) we call the Taylor series.
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If
Q the function fi(vi,...,vs) is analytical in some neighbourhood of the point

(XO .y07ZO7X47X57X6) S Ql
@ the function ¢(y, z) is analytical in some neighbourhood of the point (yp, ty) € D;

then there exists a neighbourhood of the point (xo, yo,20) € Dy in which the Cauchy Problem
of the equation (5) has a unique analytical solution.

Theorem
If
Q the function fi(vi,...,vig) is analytical in some neighbourhood of the point
(xo,yo,zo,xf,xg, .. ,x{’s) e Q
Q the functions ©(y, z,t), ¥(y, z, t) are analytical in some neighbourhood of the point
(x0, Y0, X0, to) € D2
then there exists a neighbourhood of the point (xo, yo, 20, ty) € D> where the Cauchy Problem

of equation (5) has a unique analytical solution.
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(Homogeneous) Linear Equation

Let us consider the equation

Py, 2) 30 + Q. 2)ge + Rlx.y. 1) 5E =0 7
where at least one of the functions P, @, R is not identically equal zero in the domain D. Let

us consider the following system of ordinary differential equations, which is closely related with
the system of equations (7)

dx B dy B dz (8)
P(X7-y7z) B Q(X7-y7z) B R(X7y7z)

If the function u = ¢(x,y,z) is a solution of partial differential equation (7) in the domain D,
then the function p(x,y, z) is a first integral of the system (8)
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If the C function o(x,y, z) is a first integral of the system of ordinary differential equations
(8), then the function u = @(x,y,z) is a solution of equation (7).

| \

Theorem

If the C! functions ¢1(x,y,z), v2(x,y,z) are independent first integrals of the system (8),
then u = F (p1(x,y, 2), 02(x,y,2)), where F(&1,&) is any C! function in some plane domain,
is an integral (a solution) of differential equation (7).
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We call the system of ordinary differential equations (8) the system of characteristics of the
equation (7) and the solutions of the system (first integrals) characteristics of that equation.

Find the general solution of the equation

o O
Ox y@y Yoz =

with unknown function u, where u = u(x,y, z).
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Remark
In case of a homogeneous linear equation of the form

P(x, y) + Q(x, y)

with an unknown function u = u(x, y) the system of characteristics reduces to one differential

equation
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Example

Find the integral surface of the equation

ou ou

passing through the curve

1
u:§y2, for x =0
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The Quasilinear equations

Let us consider the equation of the form

Py u) e + Qcey. )5 — R(x,y,0) =0 ©)
where P, @, R are some C! functions in the domain D C E3, and u = u(x, y) is an unknown
function. Let us assume that one of the functions P or @ is not equal to zero in the whole
domain D. Let the function v(x,y, u) be the C}(D) function, and % # 0 in some
neighbourhood of the point py € D. Let the function u = u(x, y) be implicitly defined by the
formula v(x, y, u) = 0 satisfying the equation

ou ou
P& + Q@ =R (10)

Then the function v(x, y, u) is a solution (in the neighbourhood of py € D) of a homogeneous
equation
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Remark

If the C! functions ¢1(x,y,u) and @a(x,y, u) are in the neighbourhood of the point py
independent first integrals of the systems of characteristics of the equation

P(x,y, u) + Q(x,y,z) ; + R(x, y, u)% = 0 then the relation

F(pi(x,y, u),goz(x,y, u)) = 0, where F(&1,&,) is some C! function in some plane domain,
consisting of all solutions of the equation P% + Qg—;’ = R in sufficiently small neighbourhood
of the point pg

| \

Example

Solve the equation
(1++vu—x— ) g; 2
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The nonhomogeneous linear equation P(x, y) + Q(x, y) = R(x,y) with an unknown
function u(x y), we can solve similarly to the equat|on of the form

P(x,y,u)5% + Q(x,y, u)5% = R(x,y, u)

Example

Solve the equation

ou , ou
ox 0Oy

Find the solution passing through the curve

ou ou
2yua——2a—+y—0

=1

y?— 4 =36, x+u=5
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Partial differential equations of second order.

Definition
The equation of the form

2 2 2
A(Xay)% +2B(X7Y)aiély + C(Xa}/)g_ylzl"‘

11
DOx,y)2 + E(x,y) 88 + Flx,y)u+ Gx, ) = 0 &

we call a finear partial differential equations of second order with an unknown function
u=u(x,y), where A, B,C,D,E,F,G are C}(Q,R) functions, and A?> + B2 + C2? > 0 (i.e.
functions A, B, C do not vanish simultaneously at any point of the domain Q
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Classification of equations of the above form according to coefficients belonging to derivatives
of the second order (A, B, C)
Let us introduce the following notation

5(x,y) = A(x,y)C(x,y) — B?(x,y) equation discriminant (12)

Definition

Q If Y y)eq 0(x,y) < 0 then we call the equation (11) a hyperbolic equation.
Q If Y y)eq 0(x,y) = 0 then we call the equation (11) a parabolic equation.
Q If Y y)eq 0(x,y) > 0 then we call the equation (11) an elliptic equation.
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The wave equation
Pu  Pu ;
ox2  Oy? 7

is an example of a hyperbolic equation.

u=u(xy)

(A=1,B=0,C=-1) 6=-1-0°=-1<0
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Example

The heat equation

2
8u_@:0’

ox2 Ot
is an example of a parabolic equation.

(A=1,B=0,C =0)

u=u(x,t)

§=0-0°=0
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Example
The Laplace equation

0%u n 0%u
Ox2  Oy?
is an example of an elliptic equation.

(A=C=1,B=0) §=1

=0, u=u(x,y)
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If discriminant of equation has no fixed sign in the domain Q than we say that equation (11) is
of mixed type.

| \

Example

The Triconny equation
0%u N QPu :
Yox2 oy?

is a mixed type equation
Alx,y)=y,B=0,C=1

QO y < 0= 4(x,y) <0 hyperbolic equation,
@ y =0= J(x,y) = 0 parabolic equation,

Q y > 0= 4(x,y) > 0 elliptic equation.

v
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Definition

We call a real map such that £ = p1(x,y),7 = p2(x,y) an affine map in the domain Q if and
only if the following conditions in the domain are fulfilled

Q 1, are C? functions

© Jacobian of the map & = v1(x,y),n = v2(x,y) 5 EZ)) # 0 at every point of Q

The type of the equation (11) is invariant of an affine transformation.
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Characteristics of the equation with two variables

Definition
As characteristics of the equation (11) we call integral curves of the ordinary differential
equations

Ady? — 2Bdxdy + Cdx* =0 (13)
so the equations
Q<0
dy _-B-v=6 dy -B+V-3d A0
dx A Todx A ’
dx _-B-V-0 dx_-B+v-4 C40
dy C T dy C ’

y:C1, X:C2, A=C=0
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0=0
& dy B

dx A
Q©0>0
dy —-B—iv6 dy —B+iVs

dx A dx A ek
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Find characteristics of the equation

azu ou

2 2

—~ A = — 0
X o y ayZ

Find characteristics of the equation

82u 82u ou
2 2

R 2 =
X X2 =k Xy o _|-y y2 0

Example

Find characteristics of the equation

v
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Canonical form of the equation with two variables

Theorem

There exists affine mapping £ = ¢1(x,y), n = p2(x,y), which transforms equation (11) to one
of the following canonical forms
Q0<0
?u  0?u - 0u =0
0x2  Oy? 7 0¢on N
Q@4i=0
0%u o 0%u o
€2 S o2 N
Q4i>0
0u n 0u -
aez ~ on? ;
-+ — denotes components not containing partial derivatives of second order of the
unknown function

4
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Remark
Introducing new variables

p=sEtm), v=3E-n)

and using previous canonical form we can transform the equation (11) to the second canonical

form
o P

g2 a0 (14)

v
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Transform the equation to the canonical form

o0y
Ox? Ox0y dy?
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Transform the equation to the canonical form

5%u 5%u @ B

0x2 “Oxdy " 0y?
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Transform the equation to the canonical form

0%u 0%u ,0%y

gu 5 i A
Ox? * Xy@x@y Ty dy?
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Transform the equation to the canonical form

H? 0?2 0?2 0
u—2sinx 4 —coszx—y—cosx—u:O

0x? Oxdy y? dy
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