2.6 Univariate random variables
(zmienne losowe jednowymiarowe)

Nowak, A.S., Collins K.R. Reliability of structures.
McGraw-Hill Higher Education 2000

Any random variable is defined by its cumulative distribution
function (CDF), F, (x).

The probability density function f, (x)of a continuous random
variable is the first derivative of F, (x).

The most important continuous random variables used in structural
reliability analysis are as follows: uniform, normal (Gaussian),
lognormal, gamma, extreme type | (Gumbel), extreme type I
(Frechet), extreme type Il (Weibull). The binomial and Poisson
distributions of discrete random variables are distinguished too.
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Uniform distribution

A uniform random variable or uniform distribution (rozktadrowno-
mierny) denotes a constant PDF function in the interval [a, b]. Thus
all numbers in this interval are equally likely to appear.
Mathematically the uniform PDF function is defined as follows:
[0 X<a

fx(x):ié a<x<b

0 X>b

a and b define the lower and upper bounds of the random variable.
The cumulative distribution function (CDF) for a uniform random

variable is

0 Xx<a
Fx(x):<;(;al a<x<b
-a

1 X>Db
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The PDF and CDF for a uniform random variable are shown in
Figure 2.9.

PDF

PDF and CDF of a uniform random variable

The mean and variance are as follows:
2
_a+b - (b—a)

Hy = 5 Ox = 12
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o =E(X?)-[E(X)]

E(X):j_ixf (x)dx:jbxidx:aTer

b*-a® b*+ab+a’

Lox f dx x de—

2" b-a  3(b-a) 3
o IE(XZ)—(E(X))Z=b2+a3b+a2—(b—;a) :(blza)
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Normal (Gaussian) distribution

The most important distribution is the normal distribution (rozktad
normalny) also called the Gaussian distribution (rozktad Gaussa).
It is a two-parameter distribution defined by the density function
(funkcja gestosci prawdopodobienstwa)

fy (X)= a\/lﬂ exp{—%(%jz}

where pand oare equal to u, (expected value, wartosé
oczekiwana) and o, (standard deviation, odchylenie standardowe),
respectively.This distribution will be denoted N (x,o).

The distribution function (dystrybuanta), from (2.45) is given by

Fy (X) =I:>a 127r exp{—%(%)z}dt

This integral cannot be evaluated on a closed form.
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The figure shows general shapes of both the PDF and CDF
of a normal random variable.

f
fx(x)
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Standard normal (Gaussian) variable
General remarks: let X be an arbitrary random variable.
The standard form of X, denoted by Z, is defined

7 — X — Hy

Ox
The mathematical expectation (mean value) of an arbitrary function,
g(X), of the random variable X is defined

Hyx) = E [g(X ):l - _[OO 9 (X) fy (X)dX
The formula above, with Z = g(X) and the variance property prove

Kz :E[X;#x:|zal [E(x)_E(ﬂx)]]:O_i(,ux — iy ) =0

ol =E(Z%)- 4 = E“X A ﬂ—oziz[E(x — My )2}=Z—§:1

Oy Oy X

Thus mean of any standard random variable is 0, its variance is 1.
Standard random variable — a “zero mean, unit variance” form.
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The distribution function (dystrybuanta) of a normal variable
» 1 1(t- ,u)z

F (X)= exp| —=| —= | ([t

(%) J._OOG 2r p{ 2( o }

Substituting s = t_—“, dt = ods the equation (2.46) becomes
o)

Fx(X)ZJ‘X;ﬂLeXp{—Es }ds (X—ﬂj

—o /27 o

where @, is a standard normal distribution function defined by

D, (x):jxwiexp{—g}dt

27

The corresponding standard normal density function (standardowa
funkcja gestosci prawdopodobienstwa) 1S

s (X)=%9Xp{—§}
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The functions ¢, and @, are shown in figure 2.8.

| oy (%) jx®)
0.5
1.0—7"--
1 N _,\-I —X lb___;’:/ by ' 4 o X
=8 =8 =1 1 2 3 -3 —2 —1 1 2 3

Relation (2.48) proves that only a standard normal table is required.
Spreadsheet packages include a standard normalCDF function.

Values of @(z)are listed in Tablel forz ranging from 0 to —8.9 (part
of the table shown, after Nowak, Collins: Reliability of structures)
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Table 1. The CDF of the standard normal variable

—-0.1
-0.2
—03
—04
—0.5
—0.6
-0.7
—0.8
-0.9

-1
-1.1
-1.2
-1.3
-14
-15
-1.6
=17
-1.8
-19

-2
-21
=22
-23
-24
-2.5
—-2.6
2.7
-2.8
-29

0.01

0.02

0.03

0.04

0.05

0.06

0.07

D(2).

0.08

0.09

5.00E-01
4.60E-01
4.21E-01
3.82E-01
3.45E-01
3.09E-01
2.74E-01
2.42E-01
2.12E-01
1.84E-01
1.59E-01
1.36E-01
1.15E-01
9.68E-02
8.08E-02
6.68E-02
5.48E-02
4.46E-02
3.59E-02
2.87E-02
2.28E-02
1.79E-02
1.39E-02
1.07E-02
8.20E-03
6.21E-03
4.66E-03
3.47E-03
2.56E-03
1.87E-03

4.96E-01
4.56E-01
4.17E-01
3.78E-01
3.41E-01
3.05E-01
2.71E-01
2.39E-01
2.09E-01
1.81E-01
1.56E-01
1.33E-01
1.13E-01
9.51E-02
7.93E-02
6.55E-02
5.37E-02
4.36E-02
3.51E-02
2.81E-02
2.22E-02
1.74E-02
1.36E-02
1.04E-02
7.98E-03
6.04E-03
4.53E-03
3.36E-03
2.48E-03
1.81E-03

4.92E-01
4.52E-01
4.13E-01
3.74E-01
3.37E-01
3.02E-01
2.68E-01
2.36E-01
2.06E-01
1.79E-01
1.54E-01
1.31E-01
1.11E-01
9.34E-02
7.78E-02
6.43E-02
5.26E-02
4.27E-02
3.44E-02
2.74E-02
2.17E-02
1.70E-02
1.32E-02
1.02E-02
7.76E-03
5.87E-03
4.40E-03
3.26E-03
2.40E-03
1.75E-03

4,88E-01
4.48E-01
4.09E-01
3.71E-01
3.34E-01
2.98E-01
2.64E-01
2.33E-01
2.03E-01
1.76E-01
1.52E-01
1.29E:01
1.09E-01
9.18E-02
7.64E-02
6.30E-02
5.16E-02
4,18E-02
3.36E-02
2.68E-02
2.12E-02
1.66E-02
1.29E-02
9.90E-03
7.55E-03
5.70E-03
4.27E-03
3.17E-03
2.33E-03
1.69E-03

4.84E-01
4.44E-01
4.05E-01
3.67E-01
3.30E-01
2.95E-01
2.61E-01
2.30E-01
2.00E-01
1.74E-01
1.49E-01
1.27E-01
1.07E-01
9.01E-02
T.49E-02
6.18E-02
5.05E-02
4.09E-02
3.29E-02
2.62E-02
2.07E-02
1.62E-02
1.25E-02
9.64E-03
7.34E-03
5.54E-03
4.15E-03
3.07E-03
2.26E-03
1.64E-03

4.80E-01
4.40E-01
4.01E-01
3.63E-01
3.26E-01
2.91E-01
2.58E-01
2.27E-01
1.98E-01
1.71E-01
1.47E-01
1.25E-01

1.06E-01

8.85E-02
7.35E-02
6.06E-02
4.95E-02
4.01E-02
3.22E-02
2.56E-02
2.02E-02
1.58E-02
1.22E-02
9.39E-03
7.14E-03
5.39E-03
4.02E-03
2.98E-03
2.19E-03
1.59E-03

4.76E-01
4.36E-01
3.97E-01
3.59E-01
3.23E-01
2.88E-01
2.55E-01
2.24E-01
1.95E-01
1.69E-01
1.45E-01
1.23E-01
1.04E-01
8.69E-02
71.21E-02
5.94E-02
4.85E-02
3.92E-02
3.14E-02
2.50E-02
1.97E-02
1.54E-02
1.19E-02
9.14E-03
6.95E-03
5.23E-03
3.91E-03
2.89E-03
2.12E-03
1.54E-03

4.68E-01
4.29E-01
3.90E-01
3.52E-01
3.16E-01
2.81E-01
2.48E-01
2.18E-01
1.89E-01
1.64E-01
1.40E-01
1.19E-01
1.00E-01
8.38E-02
6.94E-02
5.71E-02
4.65E-02
3.75E-02
3.01E-02
2.39E-02
1.88E-02
1.46E-02
1.13E-02
8.66E-03
6.57E-03
4.94E-03
3.68E-03
2.72E-03
1.99E-03
1.44E-03

4,64E-01
4.25E-01
3.86E-01
3.48E-01
3.12E-01
2.78E-01
2.45E-01
2.15E-01
1.87E-01
1.61E-01
1.38E-01
1.17E-01
9.85E-02

6 81E-02
5.59E-02
4.55E-02
3.67E-02
2.94E-02
233E-02
1.83E-02
1.43E-02
1.10E-02
8.42E-03
6.39E-03
4.80E-03
3.57E-03
2.64E-03
1.93E-03
1.39E-03
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Values @ (z)for z>0can also be obtained from Table 1 by applying
the symmetry property of the normal distribution:

O(z)=1-D(-2)

The probability information for the standard normal random
variable allows for the CDF and PDF values for any normal

random variable by a simple coordinate transformation.

Let X be anynormal random variable and Z be a standard form of X,
Rearranging Eq. 2.27 we can show that X = u, +Zo,, .

The definition of CDF implies

Fo (X)=P(X <X)=P(uy +Zoy Sx):P(Z gx;ij
X

R (0=0 X4 |-k, )

O
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The relationship between the PDF of any normal random variable,
f, (x), with the PDF of the standard normal variable, ¢(x):

d d X— U 1 (X—u
f (X)=—F,(X)=—0 = X
X() dx X() dx ( Ox j Gx¢[ O'x j
Using above egs. the distribution functions for an arbitrary normal

random variable (given g, and o, ) may be derived, using
information in Table 1.
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CDFs and PDFs for normal random variables are shown in Fig
() %),

o.sz.-+ O'S'L
. 0.7
ol 0.6 -
- 0.5+
. 0.4-
s 0.3
- 0.2-
0.1- Loy
0% F gl
Fx) Fx®,

o=12

i lIlI'lll
Y5 2 1 0 1 2 3 4 4 3 -2 -1 0 1 2 3 4
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Important propertiesof the PDF and CDF functions for normal
random variables are summarized as follows:

1. The PDF f, (x) is symmetric about the mean y,

fy (,ux +X) = Ty (:Ux _X)
The illustration isshown in Figure 2.14.

&
fx(x)

X

o “?X\-—=

2. The symmetry property of 1. yields F, (z, +Xx)+Fy (¢, —x)=1
It is a generalized form of Eq. 2.36 - a property expressed for ®(z)
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EXAMPLE 2.3.

(a)AssumeZa standard normal random variable and z =-2.16, what

are the PDF and CDF values?
Solution. From Table 1, ®(z=-2.16)=0.0154.

-2 | 228602 222E02 2.17E-02 2.12E-02 207E-02 202E-02 197E-02 192E02 188E-02 183E-02

—2.1 | 1.79E-02 1.74E-02 1.70E-02 1.66E-02 1.62E-02 158E-02 154E-02 150E-02 1.46E-02

1.43E-02

—22 L.39E-02 1.36E-02 132502 1.29E-02 1.25E-02 1.22E-02 1.19E-02 1.16E-02 1.13E-02 1.10E-02

1 NTE N0 1 NAT ne nAAr oAm A AR A

From Eq. 2.35
1 1

#(z=-2.16)= Eexp{—;(—Z.lG)z} = f,(2)=0.0387

(b) If z=+1.51 what is ®(1.51)?
From Table 1, ®(z=-1.51)=0.0655.

—14 | 8.08E-02 7.93E-02 7.78E-02 7.64E-02 7.49E-02 7.35E-02 7.21E-02 7.08E-02 6.94E-02
—15 | 6.68E-02 6.55E-02 6.43E-02 630E-02 6.18E-02 6.06E-02 5.94E-02 5.82E-02 5.71E-02
-—1 li 5.48E-02 537E-02 5. 26E-02 5 lﬁE-ﬂQ 5.05E-02 4.95E-02 4.85E-02 4.75E-02 4.65B-02

PP, 4 mra- . m——_— -

Usmg Eq. 2.360(z)=1- cD( )
(1.51) =1-0.0655=0.9345

6.81E-02
5.59E-02
4.55E-02
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(c) Given ®(z)=0.80x10"*, what is the corresponding value of z?
From Table 1, we note that this ®(z)value is not tabulated.

=37 | L0SE-04 1otpes CHEO4 142B04  136E.04 131p0s 1 ane ot 78B4 L7EB04  16spos
JaE0t LOAEOS 996E05 957505 930m08 e 126E04 12E0 [17E0s 11yes

~3.8 | 723E-05 6.95E.0
_ - 5  6.67E-05 6.41E- 8.50E-05 8.16E-0
39 | 481E-05 461E05 44305 45523 6.15E-05 591E05 56705 s_un_nf T84E-05  7.53B-05

Linear interpolation will be applied for the problem.

Take two values: z=-3.77 gives ® =0.816x10-4

and z=-3.78 produces ® =0.784x10-4.

Interpolation leads to the approximate value ofz =-3.775.
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EXAMPLE 2.4. Assume X a normal random variable of 4, =1500

and o, =200.The PDF for the variable is shown in Fig. 2.15.
fx{x)‘

1000 1500 2000

M |

(a) Compute F, (1300)
From Eq. 2.39
1300-1500

3 (X)ZCD(Mj: F (1300)=c1>( 500 jﬂD(—l)

Ox
From Table 1 we get®(-1)=0.159.
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(b) Calculate F, (1900)

X — Uy 1900 —1500)
F (X)=®| Z—£% | = F, (1900) = ® =®(2
From Eq. 2.36 ®(2)=1-®(-2)

From Table 1 ®(-2)=0.228x10""

Therefore, d®(2)=1-(0.228x10")=0.977

(c) Calculate F, (1700)

Observe that x = 1700 is 200 units away from the mean value of
1500.

UsingEq. 2.42 we get

F, (1500+200) =1-F, (1500-200) =1—-F (1300) =1-0.159 =0.841
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(d) Calculate f, for x =1300
From Eq. 2.40,

1 [ x—u 1 ,(1300-1500 1
f (X)= X f. (X)= = -1
(%) chz{ GX ]:» (0= 5008 200 | 0 # (D)
Using EqQ. 2.35

#(2) = %exp{—%(z)z} — §(~1)=0.242

Therefore, f, (1300)=0.00121
(e) Calculate f, (1500).

Using Eq. 2.40,
1 (x—u 1 (1500-1500) 1
(%) oy ‘Z{ oy J: (%) 2oo¢( 200 j 2oo¢()

#(0) =%exp{—%(0)2} =0.399

f, (1500) =0.00199
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The inverse of the CDF of the standard normal distribution function
may be used. Not existing in closed form, it has an approximate
formula useful for a wide range of probability values.

Let p=®(z). The inverse problem would be to find z=®7(p).
The following formula can be used if p is less than or equal to 0.5:

C. +Ct+ct?
7=0'(p)=—-t+—0 1 2
(P) 1+dt+dt* +d.t°
where ¢, =2.515517, ¢, =0.802853, c, =0.0010328,

d, =1.432788, d, =0.189269, d, =0.001308 and t = /-In(p?).

For p>0.5, @ is obtained for p” =(1- p), then the following
relationship is used:

2=07"(p)=—0"(p’)

for p<05
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Logarithmic normal distribution

Let the random variable Y =In X be normally distributed
N (1, , oy ). The random variable X follows the logarithmic normal

distribution (rozktad lognormalny), with parameters 4, e R, o, >0
Thelog-normal density function is stated, for x >0

fx ()= GY\/_>1< { (Im;YNY”

Let X be log-normally distributed with the parameters y, and o, .
Note that z, and o, are not equal to x4, ando, .
It can be shown that

1
Hy (X)= exp(,uY +§Uv2j

A
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Fo(X)=P(X < x):q)(lnx—_quj

Oy
The log-normal density functions with the parameters
(4 ,0v)=(0,1)and (1/2, 1) are presented in Fig. 2.9.

The lognormal distribution is widely used in structural reliability
analysis.
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Example 2.12.
Let the compressive strength X for concrete be log-normally

distributed with the parameters (, ,o, )=(3 MPa, 0.2MPa).
Then

Uy =EXp (3+%. 0.04) = 20.49 MPa

o2 =20.49% (1.0408-1) =17.14 (MPa)’
oy =4.14 MPa

and
P(X <10 MPa)=®((In10-3)/2) =P (-3.487)=2.4-10"

The PDF and CDF may be calculated using functions¢(z)

and @(z) for a standard normal random variable Z as follows:

Fe (x)=P(X<x)=P(InX <Inx)=P(Y <y)=F (y)

Since Y is normally distributed standard normal functions apply.
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Specifically

R (0= F, (y) =0 ¥4

Y
where y =In(X), g = p,x, = Mean value of In(X),

and o, =0, = standard deviation of In(X).

These parameters are functions of x4, , o, and V,
by the following formulas:

1
o In(V2 +1) Hio(x =In(u, )_Eaé(x)
If V, is less than 0.2, the followmg approximations are valid:

Gln "VZ Hin(x) & ~In( gy )
For the PDF function Eqg. 2.12 gives

L (x ):jx': (x ):%q)[ln(X)—ﬂm(x)]: 1 ¢(In(x)—ym(x)

Oin(x) XOy Oin(x)

1
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EXAMPLE 1.5. Let X be a lognormal random variable whose mean
value is 250, standard deviation is 30. Find F, (200) and f, (200).
v, =930 1o

Uy 250

o) =In(V5+1)=0.0143, o, =0.01196

i, =10 (1 )—%G,i(x) ~ In(250)~0.5(0.0143) = 5.51

- (200)— q{ln(x)—ﬂm(x)J: q{ln(zoo)—sm) i

Gy 0.1196

®(-1.77)=0.0384

1 In(X)_:uIn(X) 1
fy (200) = = O(-1.77) =
« (200) xG,n(x)(’{ Cin() 200(0.1196) ( )

_ 00833 _ 0.00384
23.92
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